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ABSTRACT 

 

The present paper analyses the settling behavior of multiple spherical particles in a 

power-law fluid. The results were numerically solved by the lattice Boltzmann method 

for the fluid mass and momentum equations and the immersed boundary method for the 

particle dynamics. The transient particle position and velocity data were obtained for a 30 

constant Archimedes number of 1000 and density ratio of 2.25. The objects of the 

investigation were the solid volume fraction, between 0.2% and 3.3%, and the power-law 

index, from 0.6 to 1.25. The particles repel each other and avoid collision due to increased 

fluid viscosity in their gaps for the shear-thickening fluid. On the other hand, for shear-

thinning fluids, a wake of low viscosity is formed behind the particles, which leads to a 

high occurrence of particle collisions. However, as the solid volume fraction increases, 

these effects become less noticeable, mainly because the settling transitions from viscous 

to collision-dominated. In all cases analyzed, the average terminal velocity was below the 

terminal velocity of a free particle.  

 40 

Keywords: Particle settling, hindered settling, power-law fluid, lattice Boltzmann 
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1. INTRODUCTION 

 

The movement of multiple non-Brownian particles in a fluid is encountered in many 

industrial segments, from food processing to oil and gas exploration [1]. The solution of 

the flow over a single sphere dates back to Stokes [2], and it was later extended to moving 

particles at higher Reynolds numbers and different densities ratios [3–6], as well as to 

non-Newtonian fluids [7–10]. When two vertically aligned particles are settling, they 50 

often follow the draft-kissing-tumbling process (DKT) described by Fortes et al. [11]. In 

this process, the trailing particle will approach the leading particle due to the reduced drag 

in its wake, guiding to the particle touch and a consequent tumbling of one particle over 

the other, followed by a side-by-side settling motion of the two. For non-Newtonian 

fluids, the orientation of the particles at a steady-state will depend on the fluid’s rheology 

[12–14]. In shear-thinning fluids, the wake of a leading particle has a reduced viscosity 

since the wake is generally a high shear region. So, the wake of reduced viscosity attracts 

and helps to accelerate a trailing particle, keeping it inside the wake until the collision 

occurs [12,13,15,16]. The knowledge about settling a single or two particles is a good 

first indicator for multiple particle settling. However, the objects’ interactions make the 60 

multiple particles settling a highly challenging problem to solve in some cases. 

The multiple particles settling problem has a kinematic correspondence to the 

fluidization process [17,18], in which the particles are subject to counter-flow and have 

zero displacements on average. When particles settle, they displace fluid in the opposite 

direction. The force necessary to do so depends on the fluid viscosity and the distance 

from other particles and walls. As the concentration of particles in the system increases, 

the drag force exerted on the particles also increases, reducing the settling velocity. 
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Occasionally, the counter-flow is strong enough to move some particles upwards for a 

brief period [19]. 

 The complexity of this problem has stimulated the development of homogeneous 70 

approaches. In such approaches, the relationship between settling velocity and particle 

concentration is often represented by hindered settling correlations. For instance, the 

popular correlation from Richardson and Zaki [20] is U = Ut (1-ϕ)j, where ϕ is solid 

volume fraction, Ut is the terminal velocity of a single particle, and j is a fit parameter 

that depends on the Reynolds number [21]. However, some earlier [22,23] and recent 

[24–27] studies have shown Richardson and Zaki’s correlation discrepancies. For low 

solid volume concentration (ϕ ≈ 1%), and depending on the Archimedes (or Galileo) 

number, the settling velocity of multiple particles could be higher than a single isolated 

particle. The effect is associated with the particles grouping together and settling as a 

larger object. The counter-flow generated is then located in the surroundings of the 80 

particle cluster and, therefore, will have a reduced effect on the mean particle settling 

velocity [25,26].  

For non-Newtonian fluids, Chhabra et al. [28] examined the experimental data 

present in the literature and proposed a correlation for the terminal Reynolds number as 

a function of the Archimedes number and the power-law index, which allows the 

estimation of the drag coefficient. Chhabra et al. [28] work was further extended by 

Chhabra et al. [29], with an experimental evaluation of particles with diameter 0.6 mm to 

3.3 mm, density ratio (ρs/ρf) 2.6, and solid volume fraction of 15% to 43%. The average 

terminal velocity behaved similarly to a Newtonian fluid for shear-thinning fluids in the 

range n ≈ 0.8 to 1.0. 90 

Allen and Uhlherr [30] analyzed the settling of glass particles with a diameter 

between 0.5 and 1 mm and a density ratio of 2.8 for different shear-thinning viscoelastic 
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fluids. The solid volume fraction ranged from 5% to 45% in their experiments. They 

observed that the formation of “fingers” in shear-thinning fluids with n ≈ 0.6 looked 

similar as in the settling in Newtonian fluids with bi-disperse solutions [31] or high 

Archimedes number [25,26]. The “fingering” takes place in the phase separation 

processes, in which one phase permeates the other in filament structures. In the case of 

multiple particle settling, the “fingering” occurs when some particles group together and 

move in columnar structures. For moderately shear-thinning fluids (n ≈ 0.8), the 

experiments by Allen and Uhlherr [30] revealed that the columnar structures were 100 

substituted by “fluid bubbles” that move in the upward direction. 

Daugan et al. [32] studied the settling of spherical particles with a diameter of 

approximately 95 μm and density of 3760 kg/m³ in Xanthan gum solution. The solid 

volume fraction varied from 0.3% to 7%. They reported the same formation of columnar 

structures, and the number of occurrences increased with the solid volume fraction. 

Moreira et al. [33] studied the multiple particles settling in Xanthan gum solution with a 

slightly higher particle diameter (≈ 190 μm) and lower density ratio (2.75). The columnar 

structures were also observed are in their experiments. They showed that a batch settling 

in the shear-thinning fluid has a higher settling velocity than a Newtonian fluid. However, 

the clear-water interface moved slower with the shear-thinning fluid due to the high 110 

viscosity in slow-moving fluid. 

Alghalibi et al. [34] numerically investigated the settling behavior of spherical 

particles with a density ratio of 1.5 in Newtonian fluid and shear-thinning fluids between 

two parallel plates. The solid volume fractions analyzed range was between 1% and 20%. 

They concluded that two effects compete to dictate the settling regime: the hindered 

settling, which decreases the velocity with the increase of solid volume fraction, and the 

shear-thinning effect, which increases the settling velocity with the increase of the solid 
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volume fraction. In a shear-thinning fluid, the particles tend to come closer together in a 

side-by-side configuration compared to a Newtonian fluid. 

The knowledge of multiple particle settling in Newtonian fluids is extensive in the 120 

specialized literature. However, for non-Newtonian fluids, the body of work is scarce and 

unconsolidated, particularly concerning the hindered settling. A computational solution 

is an exciting approach to provide physical insight into the non-Newtonian phenomenon 

because it isolates the effects of individual rheological properties. Furthermore, a 

heterogeneous approach for the solid and fluid phases allows tracking each particle and 

extracting insightful statistical information from their history. In this work, we utilized 

the lattice-Boltzmann method (LBM) coupled with the immersed boundary method 

(IBM) to solve the multiple particle settling problems in a tri-dimensional boundless 

domain. We focus on a solid volume fraction range of 0.2% to 3.3%, a density ratio of 

2.25, and a power-law index of 0.6 to 1.25. The consistency index is varied to keep the 130 

power-law Archimedes number constant at 1000 [28]. These parameters are similar in 

order of magnitude to the problem of the cuttings transport in oil and gas wellbores [35] 

when there is a fluid circulation stoppage. 

In this work, the sections are organized as follows. Section 2 presents the governing 

equations for the particle settling problem in a power-law fluid. Section 3 summarizes the 

numerical methodology used to solve fluid flow, particle motion, and collision forces. It 

also shows selected validation cases for particle-particle interaction and non-Newtonian 

fluid-particle coupling. Section 4 presents the results and discussions for multiple particle 

settling cases in a shear-thinning fluid. 

  140 
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2. BALANCE EQUATIONS 

We consider a collection of spheres of diameter D and density ρs, placed in the 

domain randomly at time t = 0. The particles are immersed in a power-law fluid and settle 

under gravity’s action. There is no external driving force for the fluid. The fluid motion 

is governed by the mass and momentum balance equations: 

 0  =u  (1) 

 ( )f fP
t

 
 

+  = − + +  

u
u u τ g F   (2) 

where ρf is the fluid density, u is the fluid velocity, τ is the extra stress tensor, P is 

pressure, g is the gravity acceleration, and F is a body force used to input the momentum 

transfer from the solids. The extra stress tensor depends on the constitutive equation for 150 

the fluid. For a generalized Newtonian fluid of the power-law type, the extra stress tensor 

relates to the rate-of-strain tensor as [36] 

 
1n

m
−

=τ γ γ  (3) 

where m is the consistency index, n is the power-law index, and 

( )
T

 + γ = u u  is the rate-of-strain tensor. The power-law index n = 1 returns 

a Newtonian fluid, while n < 1 is a shear-thinning fluid and n > 1 is a shear-thickening 

fluid (viscosity increases with γ ). Newton’s second law obtains the particle motion for 

translation and rotation: 

 ( )s css s f

d
V d V

dt
  


=  + −

U
 σ S g + F  (4) 

 ( ) cp

d
d

dt 
= −  

ω
I X X σ S + T  (5) 160 

where Vs is the particle volume, ρs is the particle density, and U is the translational particle 

velocity. The integral term in RHS of Eq. (4) represents all forces acting on the particle’s 
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surface (subtracted the hydrostatic pressure). In Eq. (5), I is the particle moment of inertia, 

and ω is the angular velocity, while the integral term in the RHS represents the moments 

caused by all forces on the particle’s surface. The force and torques that originate from 

particle collisions are Fc and Tc, respectively. 

We normalize the governing equations with the particle diameter (D) as a length 

scale, and the settling velocity of a free spherical particle in a given power-law fluid (Us) 

as a velocity scale: 

 * * *; ;
/s s

U t x
U t x

U D U D
= = =  (6) 170 

The following non-dimensional numbers arise from the normalization. The Reynolds 

number [28] 

 
2Re /n n

D fU D m −= , (7) 

the density ratio 

 s
r

f





= , (8) 

together with the solid volume fraction  

 sV

V
 = , (9) 

and the power-law index n, form the analyzed parameter set of the problem. The particle’s 

contact forces are modeled with constant parameters (see Sec. 4 for values). Chhabra [28] 

additionally defines the Archimedes number for a power-law fluid as 180 

 ( )
2 2

2 2 2
4

Ar
3

n n

n n n
s f fgD m  

+

− − −= − . (10) 

which is more convenient to use as a parameter instead of ReD as it represents the ratio 

between the difference of gravitational and buoyant forces with viscous forces, and 

because the Reynolds number can only be known a posteriori. 
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3. NUMERICAL METHODOLOGY AND VALIDATIONS 

The numerical method employed in this work is similar to the one used in previous 

work [10], and for completeness, it will be reproduced in Appendix A. The lattice 

Boltzmann method (LBM) is used for the fluid mass and momentum balance equations, 

and the immersed boundary method (IBM) solves particle dynamics. Particle collisions 

are handled by the Hertzian contact model with the normal collision force given by a 190 

spring dash-pot system [37].  

Four tests were performed to validate the numerical method: i) Poiseuille flow of 

power-law fluid, ii) particle settling in a power-law, iii) inelastic particle rebound in a 

Newtonian fluid, and iv) particle collision against an inclined plane. 

3.1 Poiseuille flow of power-law fluid 

The first validation case is the Poiseuille flow of power-law fluid between two 

parallel plates. The no-slip condition is imposed by the bounce-back boundary condition 

[38]. The number of LBM lattices in the normal direction is N. The boundary conditions 

are periodic in the other directions. A constant body force drives the flow in the z-

direction, and the simulation is performed until a steady-state is achieved. Three power-200 

law indexes are evaluated: 0.5, 1.0, and 1.25. The relaxation frequency is the same for all 

cases ω = 1/0.9, while the maximum velocity is below 0.01 (to reduce compressibility 

errors). We compare the numerical results with the analytical solution. The error is 

assessed through the quadratic error norm, defined as 

 
( )

2

2

2

n a

L

a

 




−
=



 (11) 
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where θn is the numerical result and θa is the analytical solution of the velocity field. The 

results are presented in Fig. 1. The error magnitude increases when n diverges from 

Newtonian, similar to [39] because the numerical viscosity assumes very high values. It 

can be noticed that the error decay order for n = 1.0 and 1.25 is approximately 2, while 

for n = 0.5, it is somewhere between 1 and 2 (1.65 to be precise). The overall error decay 210 

order obtained by the present method is situated between the implementations of 

Gabbanelli et al. [39], and the slightly more complex method of Wang and Ho [40]. We 

consider that the error decay obtained for power-law fluids is satisfactory for the present 

work. 

3.2 Particle settling in a power-law fluid 

To further evaluate the fitness of the numerical method with a power-law fluid, we 

investigated the drag coefficient of a spherical particle settling in a quiescent fluid. The 

results obtained by this test will also be necessary for the case of multiple particle settling, 

as it will provide the settling velocity necessary to normalize the results. A single particle 

with a diameter of 20 LBM lattices and density ratio ρr = 2.25 is released from rest in a 220 

domain with dimensions 8D × 8D × 128D, with a periodic boundary condition in the 

transversal direction to mitigate wall effects on the drag coefficient [41]. The terminal 

velocity and drag force are computed to obtain the drag coefficient value. The power-law 

index is varied from 0.60 to 1.25. The results are exposed in Table 1. The simulation 

results agree well with correlations proposed by other works [42–44], under their validity 

range for n. The comparison for a shear-thickening fluid with references [42,43] diverged 

due to the correlation not supporting n > 1. However, for n < 1, an acceptable relative 

deviation was obtained (< 10%). The relative error for n = 0.6 with [43] can be explained 

because it is within the limit of Re validity. The comparison with reference [44] exhibits 
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good agreement with all n and Re tested. Hence, we assume that the numerical method 230 

implemented in this work appropriately represents the fluid dynamics of power-law 

fluids. 

3.3 Inelastic particle rebound in a Newtonian fluid 

We consider the case of a spherical particle settling in a tank filled with Newtonian 

fluid. The particle collides and rebounds on the bottom with a certain loss of kinetic 

energy. For validation purposes, we compare the simulation results with the experimental 

data of Gondret et al. [45]. The fluid is silicon oil with a density of 935 kg/m³ and viscosity 

of 10 ×10-3 Pa.s. The particle is steel with diameter of 3 mm, density of 7800 kg/m³, E = 

240 GPa, and ν = 0.3. The tank bottom is made of soda-glass (E = 60 GPa and ν = 0.24). 

The normal restitution coefficient between the steel particle and soda-glass surface is 0.97 240 

[45]. The numerical domain is discretized with 160 × 160 × 800 LBM nodes. The 

spherical particle has a diameter of 20 LBM nodes and has its center initially positioned 

112mm from the domain floor to guarantee it reaches a terminal velocity before the 

impact. The bottom and top of the domain are modeled as walls, while the laterals are 

periodic to reduce wall effects. The relaxation time is ω = 1.99282, and the corresponding 

time step is 1.24 × 10-6 s. The particle velocity and trajectory results are shown in Fig. 2 

and  Fig. 3, respectively. 

 The simulations presented a reduced terminal velocity compared with the 

experimental data (around 5% relative error). The lubrification force [46] acts to reduce 

the particle velocity. However, no significant improvement was distinguished with its 250 

inclusion. The particle proceeds with multiple collisions until it stops. The numerical 

method implemented captured the number of collisions and the peak velocity after each 

rebound, using a spring dash-pot soft-sphere model for the collisions.  
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3.4 Particle collision against an inclined plane 

On this validation test, we analyze the case of a translational sphere colliding with 

an inclined plane. After the collision, the particle acquires a rotational velocity, which 

depends on the plane’s inclination. The numerical results contrasted with Kharanz et al. 

[47] experimental data. In their experiment, the spherical particle, made of aluminum 

oxide (E = 360 GPa, ν = 0.23), with diameter of 5 mm (discretized in 20 LBM nodes) 

collides with a soda-lime glass (E = 70 GPa, ν = 0.25) at a velocity of 3.9 m/s. According 260 

to Kharanz et al. [47], the normal restitution coefficient is 0.98, and the friction coefficient 

is 0.0923. We simulate with a time-step of 6.41 × 10-7 s.  

The results for the obtained rotational velocity as a function of the impact angle are 

shown in Fig. 4. Two types of motion can occur during the collision: rolling and sliding. 

For small collision angles (0º < θ ≲ 30º), the particle performs a rigid body rolling, while 

for 30º ≲ θ, it slides and rolls. The simulation results agree well with the experimental 

data for the sliding regime. However, the rotational velocity obtained is slightly lower for 

the rolling regime. The difference can be explained by analyzing the rebound angle of the 

contact patch, shown in Fig. 5. Although a good agreement is found for the rebound angle 

of the center of mass, there is a visible deviation in the rolling region for the contact patch, 270 

which occurs because the model represents only a rolling condition, and therefore micro 

slips that may occur [48,49] during the rolling are not modeled. The lack of this modeling 

makes the tangential restitution coefficient also diverge (see Fig. 6). With the present 

method, the sliding regime is well represented, and for the rolling regime, the tangential 

restitution coefficient keeps a constant value of 5/7 [50]. Considering the goals of this 

work and the characteristics of particle-particle collisions, we consider the implemented 

numerical method satisfactory. 
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4. RESULTS AND DISCUSSION 

This study is conducted with spherical particles with diameter D = 20 (lattice units) 

and density ratio equal to ρr = 2.25. The particles are initially randomly placed in a 280 

periodic domain of dimensions 12D × 12D × 60D, with zero translational and rotational 

velocities. The computational domain is periodic in the two horizontal directions. The 

continuous settling is accomplished by removing the particles that reach the bottom of 

the domain and reinjecting them at the top with the same velocity when removed. The top 

and bottom boundaries have zero liquid mass flux, which prevents the fluid from 

accelerating. The simulations ran for an equivalent time of tUs/D = 600. We consider the 

solid volume fractions: ϕ = 0.2%, 1%, and 3.25%, which corresponds to 33, 165, and 536 

particles, respectively. The fluid power-law index is analyzed for n = 1.25, 1.00, 0.75, 

and 0.60. The consistency factor (m) is varied depending on n, keeping the Archimedes 

number defined by the Eq.(10) constant at 1000. The mechanical properties of the 290 

particles are E = 2 GPa, ν = 0.3, e = 0.9, and μ = 0.2. The free particle velocity used for 

these cases can be obtained based on CD results from Table 1. A snapshot of the liquid 

and solid velocities in the computational domain is exhibited in Fig. 7. 

4.1 Particle velocity distributions 

The first analysis encompasses the velocity distribution functions and how it 

depends on the solid volume fraction and power-law index. The results are compiled in 

Fig. 8. For the settling velocity (vertical component), the mean velocity reduces with n 

independently of the concentration analyzed (see Table 2). The solid volume fraction 

makes the hindered settling more significant, as reported in the literature for Newtonian 

fluids [20]. During the post-processing of simulations, it was observed that, despite the 300 
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hindered settling, there were occasions of individual particles settling with a velocity 

greater than US. In the cases analyzed, any occurrence of upwards motion was observed, 

as occasionally reported in the literature for moderate ϕ [19]. An intriguing aspect of the 

velocity distribution function is that for n = 1.25, 1.0, and 0.75, independently of the solid 

volume fraction, the particles presented a positive skewness, while for n = 0.60, the 

skewness was negative; indicating the possibility of two different settling regimes being 

obtained when changing the power-law index. A summary of the statistical data is given 

in Table 2. The two different regimes could be correlated with the single-particle 

Reynolds number, values displayed in Table 1. For low Reynolds numbers, the particles 

spend more time inside others’ wake, increasing their velocity until the collision, causing 310 

a positive skewness in the settling velocity distribution. For a relatively high Reynolds 

number (low n), the settling motion is dominated by inertia, making it difficult for trailing 

particles to stay in the wake. The negative skewness is then preponderant. The tumbling 

phase of the DKT is likely to be associated with the presence of lower terminal velocity 

in the distribution. During this process, the settling velocity of the particles reduces [51]. 

After that, the particles are surrounded by a relatively low viscosity fluid, and they will 

take time to reach their terminal velocity [9], negatively skewing the distribution. With 

the increase in the solid volume fraction, the viscosity field becomes more homogeneous, 

and these effects are less severe, which can be noted by a reduced skewness magnitude.  

The hypothesis of two different regimes is further enhanced by analyzing the 320 

behavior of the lateral (perpendicular to gravitational field) velocity distribution functions 

in Fig. 8.d-f. For n = 0.6, the particles exhibit a higher frequency of lateral motion and 

lower kurtosis (see Table 2) since the shear-thinning effect reduces the probability of high 

lateral velocities. The particles did not show a preferential horizontal movement direction. 
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Also, the mean lateral velocity was nearly 0 in all cases, and no preferential skewness 

was noticed.  

We also evaluated the angular velocity distributions. The probability distribution 

functions for settling and lateral directions are shown in Fig. 9. Focusing first on angular 

velocity in the lateral direction, the decrease in the power-law index causes a decrease in 

the rotation magnitude. However, as soon as n is equal to 0.6, there is an increase in the 330 

particle angular velocity, indicating two different regimes again. The increase in the mean 

angular velocity from n = 0.75 to 0.60 reduces as the solid volume fraction increases, 

which could be associated with an increase of particle collisions that do not allow them 

to rotate in the same direction for long periods. The probability distribution function 

acquires the observed shape because it combines two probability distribution functions 

(ωx and ωy), making the probability of null angular velocity in both lateral directions 

inferior to the probability of a finite angular velocity magnitude. As a note, the magnitude 

of the Pearson correlation coefficient of ωx with ωy oscillates between 0.25 for ϕ = 0.2% 

and 0.01 for ϕ = 3.3%. 

Regarding the angular velocity in the settling direction, either the power-law index 340 

or the solid volume fraction increases the variance of the angular velocity, which could 

be explained by the fluid viscosity being reduced near the particle in both scenarios, 

allowing it to spin with less resistance. Similar to Fornari et al. [19], the more particles 

are in the domain, the more flat the distribution is. 

4.2 Particle’s velocity correlations 

The time correlation for the particle’s velocity fluctuations U’ in a direction i with 

interval Δt is [52]: 
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i
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U

U p t U p t t
R t



+
 =  (12) 

where the variance is σ2 and the angular brackets represent an ensemble average by all 

particles p and interval Δt. The correlations for the settling and transversal directions are 350 

shown in Fig. 10. 

Overall, the particles decorrelate faster with a higher power-law index for the 

settling velocity, contrary to the result obtained by [34], but some differences must be 

observed, such as in the constitutive equation, boundary conditions, density ratio, and 

Archimedes number. The decrease in decorrelation time for shear-thinning fluids may 

occur because the particles that enter the wake of reduced viscosity will not deviate from 

the path since they would encounter regions with higher viscosity outside of it. 

With the increase in the solid volume fraction, oscillations emerge in the 

correlations for the settling direction. As pointed out by Fornari et al. [19], these 

oscillations may be associated with the transition between a regime governed by the 360 

buoyancy to a regime in which lubrication and collision forces reign. The oscillations 

have greater intensity for a shear-thickening fluid because when two particles are 

approaching each other, the fluid viscosity increases in the gap, and so do the lubrification 

forces. 

 There is a moderate anti-correlation in the transversal direction for short periods 

that may be associated with particle collisions. Since the particles have the same inertia, 

and the collision is mainly elastic (e = 0.9), they change direction after lateral collisions. 

The magnitude of the anti-correlation increases with the power-law index, indicating that 

the intensity of collisions reduces with n. The decorrelation time reduces with the solid 

volume fraction, as the particles are more likely to suffer velocity fluctuations due to fluid 370 

perturbations. 



 

 

17 

 

4.3 Particle-pair statistics 

In order to understand the relative position of the particles in the suspension, we 

utilize the pair probability distribution function that represents the probability of 

encountering particles in specific positions. We analyze it based on the radial and relative 

vertical distances, transformed to the polar angle ψ in spherical coordinates. The pair 

probability distribution function is given by [53]: 

 ( )
( ) ( )

( )2

0

, , 1
,

2 sin /s s

r n r
g r

r drd N V t

  


   
= =  (13) 

where the number of particles in the spherical volume is binned in a histogram n(r,ψ) with 

a bin size dr in the radial direction and dψ in the polar direction; in this work, we make 380 

dr = 1/D and dψ = 1º. The distribution is then normalized by the average particle density 

of the volume analyzed (ρ0). Values of g(r,ψ) higher than 1 indicate a concentration 

superior to the fluid average, while values lower than 1 mean the opposite. The gravity 

direction is parallel to 0º - 180º.  

The pair probability distribution function for a solid volume fraction of ϕ = 0.2% 

is shown in Fig. 11, where the DKT pattern can be seen for the Newtonian fluid by the 

high-distribution spots. Away from the particle in the equatorial plane (θ = 90º), there is 

a reduced particle concentration, as reported in previous studies [25,26,34,54]. The 

particle concentration increases at a distance of 3D, which was also reported. In the shear-

thickening case, something unusual occurs: the particles in vertical alignment rarely 390 

collide but rather diverge before impact due to the fluid “thickening” in the gap between 

the two particles, also illustrated in Fig. 14.a, in an instantaneous viscosity field taken just 

before the collision. Instead of colliding, the trailing particle deflects at the symmetry 

angle of ψ = 45º. The trajectory change is accompanied by an increased rotation, which 

was previously indicated by Fig. 9.a. 
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For the power-law index  n = 0.75, Fig. 11.c shows that when the trailing particle 

is below are a certain distance from the leading one, it will be attracted by the wake of 

reduced viscosity [12,55], shown in Fig. 15, which can be inferred from the high particle 

concentration can infer this at ψ = 15º and 165º. Similar to the Newtonian case, a particle 

concentration reduction occurs in the radial distances from 1.5D to 3D, and an increase 400 

for distances greater than 3D. Even though the Archimedes number is the same for all 

fluids, the terminal Reynolds number changes with n. Thus, particles in a lower n fluid 

display some inertial motion features. For example, a particle crossing the wake of 

reduced viscosity in an n = 0.75 fluid gets trapped inside the wake since it does not have 

enough inertia to surpass the higher viscosity fluid outside of it, while for an n = 0.6 fluid, 

it is easier to go across the wake, explaining why the zone 1.5D to 3D is more crowded 

when n = 0.6. However, there is still a high concentration zone in the equatorial plane, 

indicating that side-by-side settling remains frequent. 

With the particle volume fraction to ϕ = 1.0%, some changes are observed in the 

pair probability distribution function, Fig. 12. There is an indication that particles 410 

preferably settle side-by-side at a distance of approximately 3D for n = 1.25, reducing to 

2.5D for Newtonian fluid and even shorter for the shear-thinning fluids. Differently from 

n = 0.75, with n = 0.60, some particles settle side-by-side with contact, as shown by the 

high concentration at a distance 1D, mainly due to the low viscosity of their gaps, Fig. 

14.b. Another effect caused by the power-law index is the relative elevation difference 

when settling side-by-side. For n = 1.25, the concentration peak is located at ±1.5D from 

the equatorial plane, increasing to ±2D for a Newtonian fluid while maintaining the same 

radial distance. When the is shear-thinning, the radial distance increases compared to the 

Newtonian and shear-thickening cases. 
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For ϕ = 3.3%, depicted in Fig. 13, the magnitude of the concentration peaks are 420 

lower because the collisions frequency is higher [19,56],  and therefore the particles do 

not stay long periods settling unobstructed. The effect of the wake of reduced viscosity is 

no longer visible since the collisions could expel particles out of it. Besides, the overall 

reduction in the fluid viscosity also diminishes its effect. In the case n = 0.6, the side-by-

side settling with contact was enhanced with a solid volume fraction of 3.3% compared 

with the concentration of ϕ = 1%, explaining the reduction in the maximum angular 

velocity achieved by the particles when the power-law index decreases, Fig. 9.a-c. The 

reduction in the maximum angular velocity with n is not perceived for ϕ = 0.2% because 

most particles do not settle side-by-side while being in contact. 

4.4 Particle-average viscosity field 430 

The ensemble-averaged viscosity field around the particles is shown in Fig. 15. In 

the case of a shear-thickening fluid, the average viscosity rises near the particle’s surface 

due to the high shear rate around it. By increasing the solid-volume fraction from 0.2% 

to 3.3%, the average viscosity increases by approximately 50%. The average viscosity 

near the particle’s surface does not change significantly in the concentration range 

analyzed. As ϕ increases, the average viscosity field becomes more uniform. 

The shear-thinning average viscosity fields reveal a very high viscosity in locations 

away from the particle’s surface. Also, the wake of reduced viscosity is very well 

delineated. Interestingly, the peak viscosity for n = 0.75 takes place in a vertical stripe 

next to the wake and not in the far-field, as for n = 0.6. Consequently, the intensity of the 440 

capture effect of the wake is magnified, which was perceived in the particle-pair 

distribution function. The shear-thinning effect also contributes to increasing the 
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frequency of side-by-side settling since the particles meet a higher fluid resistance to 

separate from each other. 

 The far-field viscosity is lower by increasing the solid volume fraction in the 

shear-thinning fluid. Consequently, the shear-thinning effect becomes less important, and 

the particle collisions play a predominant role. Fig. 13 depicts the particle density 

homogenization in the far-field. The collisions (DKT) constantly change the particle’s 

direction, making the viscosity field more uniform. Hence, the suspension tends to behave 

closer to a Newtonian fluid [29]. 450 
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5. CONCLUSION 

This paper analyzed the effects of shear-thinning and shear-thickening fluid 

behaviors in the multiple particle settling of a dilute monodisperse suspension. The results 

were obtained through fully-resolved numerical simulations with the lattice Boltzmann 

method, which allowed us to obtain crucial statistical data, such as particle velocity 

distribution function, particle-pair distribution density, and particle-average viscosity 

field. 

For all cases analyzed, solid volume fractions between 0.2% and 3.3% and power-

law indexes between n = 1.25 and 0.6, it was observed hindered settling, which means 460 

that the mean particle velocity was inferior to the settling rate of one particle in a quiescent 

fluid, with the magnitude of the hindering increasing with the solid volume fraction. 

Additionally, the solid volume fraction plays a crucial role in the magnitude of the 

particle’s transversal velocity and, consequently, collisions and fluid fluctuations. 

In conjunction with the viscosity field, the particle-pair distribution function 

allowed us to understand how the spatial distribution of particles in the suspension affects 

the fluid response and vice-versa. For a shear-thickening fluid, viscosity increases in the 

gap when the particles approach each other, preventing particle contact. On the other 

hand, for shear-thinning fluids, a wake of reduced viscosity attracts particles and enables 

the draft-kissing-tumbling (DKT) process. 470 

The increase in the solid volume fraction caused a transition of the settling regime 

from viscous-dominated, with preferential trajectories and a heterogeneous viscosity 

field, to a collision-dominated, with varied trajectories and a more uniform viscosity field. 

The uniformity caused the wake of reduced viscosity to have a diminished effect on the 

particle movement since they would not be easily captured. However, when this 

uniformity was not observed in low solid volume fractions, the corridor was able to 
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redirect the particle trajectories, leading to collisions. The draft-kissing-tumbling process 

still occurred in shear-thinning fluids, with the power-law index influencing the distance 

between the particles when they settle side-by-side. 

For future works, we recommend the analysis of the particle’s friction coefficient 480 

since the DKT process plays an essential role in the multiple particle settling. We are 

currently undertaking efforts to extend the present results for a broader range of density 

ratios and Archimedes numbers and to study the hindered settling of polydisperse shear-

thinning suspensions. As a final remark, we point out that the numerical characterization 

of industrial suspensions is increasingly becoming possible with advances in rheology, 

numerical methods, and high-performance computing. We believe that many industries 

will benefit from this type of technology in a few years to complement experimental tests. 
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APPENDIX A – NUMERICAL METHOD 

The LBM is a computational method that solves fluid flow in the mesoscopic scale, 

i.e., the collective behavior of a group of particles based on Boltzmann kinetic theory 

[57], instead of the mass and momentum transport equations directly. In the LBM, these 

groups of particles, often called populations, travel through fixed positions in space, 

denominated lattices, and through delimitated directions defined by the velocity sets. 500 

Different methods were proposed to solve this process; in the current, we used the lattice 

Boltzmann method with regularization of ghost moments [58–60] and with the BGK 

collision operator [61], used in previous works for viscoplastic fluids [10,60]. 

The lattice Boltzmann equation is [59,60]: 

 ( ) ( ) ( ) ( ) ( ), 1 , , 1 ,
2

reg eq

i i i i if t t t f t f t F t t


 
 

+  + = − + + −  
 

x c x x x  (14) 

where fi is the particle distribution function in the velocity direction i, and ω is the 

relaxation frequency. The pre-collision regularized distribution function (freg), 

equilibrium distribution function (feq), and discrete-velocity force term Fi are defined as 

[60,62,63]: 
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Equations (15) - (17) depend on the fluid velocity (uα) and its density (ρ) values. These 

macroscopic variables can be determined as a function of the particle distribution function 

[59]:  
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Eq. (20) gives the local stress value. Equations (14) to (20) apply to a chosen velocity set, 

which has a defined set of weights (wi), sound speed (cs), and velocity vectors (ci). In the 520 

current work, we used the D3Q19 velocity set, which has the following values: 

 

1/ 3

1/ 3 , (0,0,0) , 0
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The lattice Boltzmann equation recovers the mass and momentum balance 

equations when the relaxation frequency and viscosity are related as [59,60]: 

 2 1 1

2
sc t 



 
=  − 

 
 (22) 

In [10], we studied a thixo-viscoplastic material similar to a Bingham material. We 

showed that it was possible to obtain an explicit solution for ω as a function of Tαβ 

(Eq.(20)). Using the Power-law fluid constitutive equation (Eq.(3)), the same reasoning 

is applied to obtain the following equation: 530 

 

( )2
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n n

n
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T T

c
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
+ − =  (23) 

which is valid for the range of 0 < ω < 2, which corresponds to ∞ > η > 0. To solve Eq.(23) 

for ω, it is necessary to use some iterative process. In this work, we opted to solve Eq.(23) 
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using the Newton–Raphson method with ω from the previous time-step as the starting 

point.  

 We used the immersed boundary method (IBM) to solve the particle dynamics, 

which has its origin in Peskin’s work [64]. The no-slip condition is satisfied between the 

Lagrangian nodes and Eulerian nodes according to [65]: 

 ( ) ( ) ( ), 3 3

2
 L E noF Lt

h S h  
  

 
= − + −  − 

 
  u u x X F x X x X  (24) 

where the velocity uL of the Langragian node depends on the unforced eulerian velocity 540 

uE.noF and the force FL imposed by Lagrangian nodes with surface area ΔS. The force is 

distributed based on the smoothed Dirac delta function, which is defined by the 4-point 

kernel ϕ4 [66] : 

 ( ) 3 31 1 2 2

3

1 x Xx X x X

h h h h
   

−− −     
− =      

     
x X  (25) 

 ( )

( )

( )

2

2

1
3 2 1 4 4 0 1

8

1
5 2 7 12 4 1

2  

 

2

0

 

8

r r r r

r r r r r

r




− + + −  




= − − − + −  






 (26) 

The equation system formed by Eq (24) is solved by an iterative method [67]. The 

particle motion equations, Eqs. (4) and (5) were discretized according to Feng and 

Michaelides rigid body approximation [68]: 
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In the current work, we study the settling of multiple particles. One cannot 

guarantee that triple collisions will not occur in such a case. Therefore, we opted to use a 

soft-sphere collision model. To model the particle-particle collisions as well as the 

particle-wall, we used a Hertzian contact model in which the normal collision force is 

given by a spring dash-pot system [37]: 

 ( )3/2

, ,    ˆ ˆ
n ij n n n j rk D += − F U n n  (30) 

where kn is the normal stiffness coefficient, δn is the normal displacement, Dn is the 

normal damping coefficient, and Ur is the relative velocity between the element i and j. 

The normal stiffness coefficient is found based on the material’s mechanical properties 560 

and the radius in the contact region (r) [69,70]: 
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where E is Young’s modulus, and ν is the Poisson ratio. The tangential force acting in the 

particles during the collision is:  

 ( ), ,
ˆ ˆ t ij t t t j rk D= − + F U t t  (32) 

where kt is the tangential stiffness coefficient defined as a function of the shear modulus 

G and the equivalent contact radius a [37,71]: 
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One of the most commonly measured mechanical properties of particles is the 

restitution coefficient e. It can translate to the damping coefficient as [37,72]: 570 
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where meq is the equivalent mass of the system, k is the respective stiffness coefficient, 

and δ is the displacement/penetration distance. The friction coefficient μ defines if the 

particle will roll or slide. If 
, ,t ij n ijfF F  , the tangential force is given by 

 
, ,t ij n ij= F tF  (35) 

When particles approach too close, hydrodynamic forces appear due to the fluid 

being squeezed between the surface of the particles (lubrication force). When the spatial 

discretization is not fine enough, the lubrication force will not be correctly represented. 

For practical reasons, some solvers often implement it separately. When implemented for 

a Newtonian fluid, the lubrication force between two spherical particles is approximated 580 

as FL = 1.5πμR2U/h [46,73] for a Newtonian fluid. However, for non-Newtonian fluids, 

its formulation is significantly more complex [74–78], if any solution is possible at all 

[74]. A peculiar issue arises due to the grid resolution employed in this work: the 

lubrication force is partially evaluated. In other words, the method can predict the force 

up to a certain gap, and below that, it underestimates the lubrication force. The validation 

test of Sec. 3.3 was used to analyze the need to incorporate a model for the lubrication 

force. It was observed that the addition of a lubrication model [46] did not significantly 

improve the numerical outcome. The lubrication force is relevant in a small interval. So, 

in the case tested, no significant velocity change took place 

  590 
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Fig. 1 -  Poiseuille flow of power-law fluid. Quadratic error norm 
2L  for the velocity profile as a 

function of spatial discretization N. Dashed lines represent decay orders of 1 and 2. 
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Fig. 2 - Inelastic particle rebound in a Newtonian fluid. Comparison of particle position with and without 

lubrification force with the experimental results of Gondret et al. [45]. 
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Fig. 3 - Inelastic particle rebound in a Newtonian fluid. Comparison of particle velocity with and without 830 
lubrification force with the experimental results of Gondret et al. [45]. 
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Fig. 4 - Particle collision against an inclined plane. Comparative of the numerical results and the 

experimental results Kharanz et al. [47] for the rotational velocity as a function of the impact angle. 
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Fig. 5 - Particle collision against an inclined plane. Rebound angle of the center of mass and contact patch 

as a function of the impact angle. Experimental results of Kharanz et al. [47]. 
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Fig. 6 - Particle collision against an inclined plane. Tangential restitution coefficient as a function of the 

impact angle. Experimental results of Kharanz et al. [47]. 
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Fig. 7 – Illustration of the liquid and solid velocities with ρr = 2.25, ϕ = 3.3%, Ar = 1000, and n = 0.6. 

(Color in print). 
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Fig. 8 - Velocity distribution functions for the settling velocity (a-c) and the lateral velocity (d-f). (Color 

in print). 850 
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Fig. 9 - Rotational velocity distribution functions for the lateral direction (a-c) and settling direction (d-f). 

(Color in print). 
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Fig. 10 – Time correlation for the particle’s velocity fluctuations. a) – c) settling direction. d) – f) 

transversal direction. (Color in print). 
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Fig. 11 –Spherical distribution function with ϕ = 0.2% and Ar = 1000. (Color in print). 
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Fig. 12 –Spherical distribution function with ϕ = 1.0% and Ar = 1000. (Color in print). 
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Fig. 13 – Spherical distribution function with ϕ = 3.3% and Ar = 1000. (Color in print). 
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a) n = 1.25 

 

b) n = 0.6 

 

Fig. 14 – Instantaneous viscosity field just before the collision for n = 1.25 and n = 0.6. (Color in print). 
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Fig. 15 - Mean viscosity field around settling particles normalized based on the characteristic viscosity 

K(Us/D)(n-1). (Color in print). 
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Table 1 - Particle settling in a power-law fluid. Drag coefficient results and relative error for a spherical 

particle settling with ρr = 2.25 and Ar = 1000. The Re values are the terminal Reynolds number. 

 n = 1,25 (Re = 6.91) n = 1,00 (Re = 18.8) n = 0,75 (Re = 65.0) n = 0,60 (Re = 176) 

Source CD Error CD Error CD Error CD Error 

Present Results 5,77 - 2,84 - 1,26 - 0,62 - 

Darby [42] apud [9] 4,51 28,0% 2,69 5,5% 1,18 6,2% 0,57 7,5% 

Shah et al [43] 2,07 179% 2,73 3,9% 1,21 4,0% 0,43 42,5% 

Dhole et al. [44] 5,63 2,5% 2,76 2,8% 1,17 7,4% 0,57 8,3% 

 

 

Table 2 – Moments and RMS of velocity distribution functions. The mean, standard deviation (σVp,z), the 

skewness (SVp,z), and kurtosis (KVp,z) are based on the normalized data (Up,z -Us)/Us. 

  ϕ = 0.2% ϕ = 1% ϕ = 3.3% 

 N 1.25 1.00 0.75 0.60 1.25 1.00 0.75 0.60 1.25 1.00 0.75 0.60 

S
et

tl
in

g
 

〈Up,z - Us〉/Us -0.05 -0.07 -0.05 -0.02 -0.14 -0.12 -0.10 -0.07 -0.28 -0.24 -0.20 -0.19 

σVp,z 0.08 0.07 0.05 0.07 0.14 0.13 0.11 0.11 0.18 0.15 0.13 0.12 

SVp,z +0.17 +1.61 +1.42 -1.04 +0.58 +0.71 +0.59 -0.53 +0.20 +0.29 +0.28 -0.38 

KVp,z 3.40 8.24 10.27 6.09 3.87 4.26 3.91 4.29 3.04 3.13 3.17 3.26 

L
at

er
al

 

〈Up,xy〉 . 103 0.10 -0.65 0.00 -0.22 -0.5 0.10 -0.35 1.01 1.41 0.06 0.04 2.61 

σVp,z . 103 16.1 14.8 15.3 48.9 42.7 35.2 38.0 68.4 81.9 64.8 63.6 82.1 

SVp,z +0.18 -0.83 +3.39 -0.38 +0.07 -0.01 +0.15 +0.02 -0.01 +0.01 +0.07 -0.02 

KVp,z 19.6 70.9 108 4.04 6.13 12.2 16.3 3.37 3.48 4.47 5.35 3.47 
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