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ABSTRACT

This paper explores the flow behavior of adbnensional liddriven cavity filled
with a viscoplastic fluid The resultswere obtainednumerically using the moment
representation of the lattice Boltzmann method for a Bingham fluid. Therlicen cavity
is a classic problerm computationafluid dynamics often used to compare numerical
methods duéo the presene of singularities in itsornersand complex flow structurei
iswell-known thathe flow bifurcates from a stationary to a periodic regimégwtonian
fluids as the Reynolds numbexceeds certain threshold hisinformation can be used
asa benchmarlfor numerical methods &igh Reynoldsiumbes. However resultsfor
viscoplastic fluidsat high Reynolds numbers fall short. THataobtainedin this work
with Reynolds numbers up to 20,000 and Bingham numbers up t&h@® how the
bifurcation pointincrease with thefluid6 gield stress. Below the bifurcation point, the
primary vortex center convergéowards a singl@oint, indepenénty of the Bingham
number. Above the bifurcatiopoint, mostcasespresenta single dominant frequency
while double or qusi-periodic regimeswvere obtained under certain conditiond/e
observed thathe timerequiredto reacha permanent staiacreass with the Bingham
number Finally, the flowexhibits stationary and moving yield surfacegth someof the

lattertravelinginside the primary vortex.

Keywords: Lid-drivencavity, Bingham Periodic behaviorBifurcation.
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1. INTRODUCTION

The flow inside or over a cavity is a common problenfluid mechanics, which
can be encountered grooved channeld] or dwell coaterg2]. In the first case, one of
the sidesf the cavityis open toa shearing flow, caurgg thefluid to recirculate In the
second cas¢hemovement of avall drives theflow. Thesecasa areinteresting because
they can still provide differentand complexflow structures The latter casepresents
simple boundary conditions (only the fluid velocity in the wialidefined) Consequently,
it has been chosen as one of the benchmark tasmsluatenumerical methodsnal
understandhe physical phenomena.

In the squared lidiriven cavity (LDC), a vortex is formedn its center,with
secondary vortess appearingin the cornersas the Reynolds number increagd8k
Additionally, the flowbeginsto present instabilities and ergaperiodic regimewhich
wasfirst observed irtheliterature fornon-squared cavities (aspect ratio $4)5]. Later,
this transitionwas detected numerically ia squared cavity[6], wherea regularized
boundary conditiomwasemployedto account for the discontinuity in the cormef the
LDC. Their analysi®btained atationarystate solution up to Re = 10,Q@0thoughthis
washigher tharthe previous result oRe = 7,5000btainedby [7] apud[6]. They agued

that usinga reguarized boundary conditioshangedhe effective Reynolds number of

the flow.However, a periodic solution was established when they increased the Reynolds

number from 10,000 to 10,500ater,Poliashenko and Aiduji8] studied the effect of the

cavity aspect rat, ranging from 0.8 to 1.5 (height/length), and obtained a value of Re =

7,763 for thecaseof a square cavitySubsequentlyCazemier et al[9] usedproper
orthogonal decomposition tdentify the first bifurcation at Re = 7,819, with secondary
bifurcationsoccurringas the Reynolds number inesed. They also penfimed DNS

simulations to verify their model, whickturnedRe = 7,972 for the firddifurcation point
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Penget al.[10] appliedDNS to verify the secondary transitions obtained by Cazemier et
al. [9]. In their studythe first bifurcationwas obtainedt Re = 7,704As the increased
the Reynolds numberdifferent bifurcation branchesappeareduntil the flow beame
chaotic at Re > 11,000.

At Re = 10,000Sengupta et a[11] reported a new stable periodic configuration
with atriangular vortexocated athe center of theavity. Sengupta et aJ11] arguel that
previous works had not observéese triangular vortex structuredue to inséficient
discretizationof the dissipative andadvectiveterms.Lestandi et al[12] reported the
presence of these vortical structures at Re = 8a8@@&nalyedthe temporakvolution
of the flow leading to bifurcaion. They describedthree stagesbefore theflow
stabilizaton in a periodic regimethe first stage corresposith the presence of transitory
structuresthat arise from the impulsive startfollowed by the flow settling into a
stationaryregime(stage 2where a minimal oscillation is prese8tage 3 corresponds to
the growth of the osdiation amplitudeuntil it reachesa saturationpoint, where it does
not grow anymorgreaching aperiodically stableegime Lestandi et al[12] assessethe
differencesin the flow whenimpulsively staring from a quiescent oa previousstable
state (ising the resultsom alower Reynolds numberJheyconcludedhat starting from
restwould leadthe flowto bifurcae in a lower Reynoldaumberwhen compared tthe
second option, with the justification thasinganimpulsiveflow startwould perturball
oscilation modes equallyLestandi et al[12] determinedhatthe first bifurcation point
occursat Rea ,020 by analzing the flow response when a pulsating vortexs
removed and the ostliation remainedFinally, they pointed outthat different initial
conditions will lead tatherstable statesothe solution's uniqueness cannopbesumed
from a transient analysig\s an additional note the bifurcationmay occur at lower

Reynoldsnumberdor nonrisothermal flowd13].



Until now, high-order discretization schembave been the preferred methddr
DNS simulationsof the LDC An altemative to these schemes is tlaétice Boltzmann
method (LBM), whichhas demonstratetie potentialto efficiently model high Reynolds
100 numbersover the past year$he LBM is a numerical methdtiat resolves annsteady
flow by evolvingthe Boltzmann equatidid4] rather than directlgolvingNavierStokes
equationsThe LDC wasoftenchosn asabenchmark problerto validae the LBM. For
example, An et a[15] evaluated the Newtonian case up to Re = 20 &f@ining similar
results to previoug mentionedvorks, with the first bifurcatiorhappeninggtRed 8, 00 0 .
Lin et al [16] studied different aspect ratiasid found théifurcationoccuring as low
as Rea ,750 for AR = 3 Studieswith non-Newtonian fluidshave also been conducted
[171 20], leadingus to the topic of the currentwork: LDC filled with non-Newtonian
fluids, particularlyviscoplastic fluids.
A viscoplastic fluids a norNewtonian fluid that exhibstyield stressmeaning that
110 aminimumstresds necessario shear the materif21,22,31,32,2B830]. Over the years
severalmodels have been proposeddescribethis behavior such asBingham[33],
HerschelBulkley [34], Casson[35], or more complex model6,37] The flow is
inherently different from the Newtonian casdue toits tendency to exhibit @lastc
behavor in low-stress aresaOne of the first attempts to anaéythe viscoplastic flow in
the LDC was performed bylitsoulis and Zisid38], whofixed the Reynolds number to
unity and varied the Bingham number from 0 to 5xIhar numerical model used a
regularized Binghammodel [23] and thefinite element methadThe study detected
formation of unyielded regioratthe bottom of the LDOwvhosesizedepend®nthe yield
stressof the fluid Anotherunyielded regiorwas also observedearthe centerof the
120 primary vortex.Syrakos et al[39] later pointed outhatthe fluid behaves like a rigid

body thattranslate and rotatesin this location.Thus for the viscoplastic surfacéo
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remain fixed in space, the fluid thamters this zonbasto plastify andwhenit leawes,
revertback toaliquid state

Vola et al.[40] investigatedBingham numbers of, 10, and 10Mutside the
creeping flomregime(Re = 1,000)which expandedthe work of Mitsoulis and Zisi38].
Theprimary vortexcentermoved upwardandtowards theight as the Bingham number
increasedWhile no plastic region was observed for Bn =tlieyappeared in the bottom
of the LDC and inside the primary vorte Bn = 1Q although displaced to the left side.
Santos et a[41] used the SMD viscosity mod@6] to represeng viscoplastic fluid with
sheasthinning effects within the LDCThey found thaincreasing the slae-thinning
effects or theflow intensity (inverse of Bingham numbereducedthe size of the
unyieldedregionsin the bottomcorners ad the center othe LDC. Syrakos et al[42]
expandedhe range of Reynolds numkstudedupto 5,000andobservedhatthecenter
of the primary vortex moved twardsthe center othe LDC as the Reynolds number
increasedIncreasingthe Bingham numbercausedthe primary vortexcenterto move
towards the right and upwhile the vortexstrengthremainedconstant for Reynolds
numbers less than 10Butthe strength decreatas the yield stres®se For Re> 10Q
the vortex strengtbxhibitedtwo behaviorsi) an increasewith the Reynolds numbéor
Bn < 10 andi) and droppedfor Bn > 10.

The studiesconductedor LDC with viscoplastic fluidshaveprimarily focusedon
the stationaryflow regime However,some studies have also assesthe transient
effects specificallythe cessation of movemer@yrakos et al[43] analyzed the case
where the lid cegsits movement afterreaching asteadystate regimeln this problem,
viscoplastic fluids differ from Newtoniafiuids because the fluig@ventually comes to
rest in a finite timeSyrakos et a[43] provided benchmark results for Reynolds numbers

ranging from 1 to ;D00 and Bingham numbers from 1 to 1They showed that the
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cessation time auld have a weak depederce on the Reynolds number if theon
dimensional times scaled witithefluid yield stressbut it wasstill strongly dependent
on the Bingham numberThis work was later extended I8verdrup et al[44], who
employeda HerscheBulkley fluid modeland performe@ qualitativecessation analysis
for a cubic LDC They presented results for tHe-dimensionalstationarycase with
outcomessimilar to Santos et aj41], wheresheasthickening fluidexhibited a higher
gradient of thepparenviscosity field near the yield surfacempared t@shear-thinning
fluid.

As previously mentioned increasng the Reynolds numbem the LDC with a
Newtonian fluidresults in atransitionfrom a stationarystateto a periodic regime.
However, to our knowledge no one has attemped to investigate whether such
bifurcations will occur inviscoplastic fluids, either becausdhe current pratical
applicatiors with viscoplastic fluidsdo notreachhigh Reynolds numbers alueto the
limitations in numerical methods. Neverthelesse propose to anatg if these
bifurcations occuin viscoplastic fluidsand if they do, to investigatehow the material
yield stress will affecthe periodic regimeFurthermoreit can behelpiul in the future to
compareothernumerical methods with viscoplastic fluioshighinertial regimes

Thereforethepresent work aimtonumerically model a squareddtiven cavity
flow with Bingham fluid The simulations were performed using the moment
represention of the lattice Boltzmann methdd5i 47], an alternative approach to the
conventional LBM We aimto investigate the effects of yield stremsd inertiaon the
flow structures such as theelocity field, vortex structures, yield surfacdifurcation
points, and osciation frequenciesAdditionally, we aim toprovide initial benchmark

data for viscoplastic flow at high Reynolds numbers.
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This work is organized as followSection 2 presents tlgoverning equations and
the dimensionless numbers. Sectionrids the numerical fomulation basedn the
moment representation of the lattice Boltzmann method. Sedtidemonstrateshe
numerical validatiorperformed involving the Hopfbifurcationwith a Newtonianfluid
and LDC flow with Bingham fluid in thetationaryregime Finally, Section5 presents
the results obtainedlivided into two partsThe first part shows the results for the

stationary regimeand thesecondpartcoversthe cases where the fldvecomes periodic

2. GOVERNING EQUATIONS

We consider the kilimensional liddriven cavitywith dimensionof L x L, where
the lid movesin the positive xdirection witha magnitudeU. The cavity is filled witha
generalized Newtonian fluid that satisfies tis®thermalincompressible mass and

moment balance equatioffsl]:

PO G, €N
é}w .. g . .. 2
rgm+(u O)FJ)H Up @, 2

whereu is the fluid velocityfield, } is the fluid densitylJis the stress tensandP is the

pressureWe model théluid following the Bingham fluid moddPR1,33}

TO=g m | 0%
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with (J representinghe yieldstress ¢ is the dynamicviscosity 3is the rateof-strain
tensor and ]| =[(1/2{UJ] ?is the magnitude of the extra stress tefi@8}. Following
the normalization proposed Gyhompsorand Soaref25], the time scale for a Bingham

fluid and other dimensions are:
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which returrs the dimensionless momeunin balance equation:

MU e oy . P01 . 6B o}
Wl OB IR e x

whereRe=  J/Uis the Reynolds numbeandBn = LU ¢ ig the Bingham number.
Thompson and Soares [Zfomentionanormalizatiorbased on the characteristic stress
U= y4& elLbuttheyrecommendising as characteristic stretb® valuewhere the
deformation rate is maximunm this studythe maximum deformation ratecurs near
the top corners, where the fluid behaves like a Newtonian Hnighencenormalization
200 by Eg. (4) without the yield stress factor woult recommendedince theviscous and

plastic effectarereducedbut not negligiblg

3. NUMERICAL METHOD

The lattice Boltzmann method (LBM) is a numerical method based on the

Boltzmann equation, where flow is solvedtire mesoscopic scaldhe LBM usesthe
particle distribution functionp.d.f), which describes thesumberand momentumof
particlesin aparticularspatiallocation The evolutiornof the Boltzmann equation can be
utilized as a numerical methday discretizinghe spatial domaiand velocity spaceto
a finite number of latticeand velocitydirections respectively.The p.d.f. changs over

210 time because the particles colljdghangingtheir direction and sometimes moving to
another lattice. Over timehe p.d.f. approachesn equilibrium stateTherefore, the

methodrelaxesthe particledistribution functiontowards the equilibrium staterhich is
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then distributed tothe neighboring lattice§14,48] This process can be described as
follows:

f(x+c Bt +)D (1=w)f (xt) uf°¥x;t), (6)
where fi(x,t) is the particle distribution functiorfi®d is the equilibrium distribution
function,i is thevelocity directionx is the spatial coordinateis the timec is a constant
velocity vectorgi is the time step, antl / igrrelaxation time based dne BGK collision
operator[49]. However this method requiean i-number ofscalars per lattice to be
storel in the memorywhich becomesgaxing as the domaisizeincreasesparticularly
for threedimensional case We use a variant of the conventional LB¥iown asthe
moment representatido alleviate this issupd5si 47]. This method storethe moments
from O" to 2" orderinstead ofp.d.f(or populations)reducingmemory allocatiorand
increasing speedHowever it is still necessaryo know the local population® perform

the streaming process after the collisivhich can be obtaineasing[45]:

= @)

where H’) =¢ ¢ ,-&d is the secondrder tensorial Hermite polynomigl,is the
fluid density,ugis the velocity,m?) is the secon@rder momentg, is the speed of sound,
G, is thevelocity vectorwith weightswi, whichfor D3Q19 velocitysetis defined as:
€(0,0,0) =0
¢ =1(100)0, 1,0)0,0, D i, 1=..,6 (8).a
Fe1 ,0)( 20, 1O, 1°1i° 7,=,1
&l/3 =0 (8).b
w=11/18 i =1, ..., 6

t1/36 ,i=7, .., 18

With the streaming process computed, the moments arearedov

10
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r=84 f.
ru,(r,t)=8a fgq, ©)
rm? =3 f.IH(Z)

a hi

Which then allow usto perfam the collision step:

rE =y e, oy, (10
The superscript indicatespostcollision manents. The LBM returns the mass and
momentum transport equatiowtiencertain conditions must tsatisfied,one of themis

the relaxationfrequency being correlatedto the apparent viscosityas shown in

[14,18,50]
, (19)

whered is the fluids apparent viscosityl he formulation isessentialfor viscoplastic
fluids since the apparentviscosity approaches infinity as the shear rdéereases
However when thisoccursin Eq. (11) , the value ofy approache®. Thereforethe Eq.
(10) degenerate andthe pre and postollision moments are equathich meanshe flow
retainsthe sameproperties i.e, eitherthe fluid remans at rest orexhibitsrigid body
motion. Thechallenge igalculatingd asafunction of the LBM parameters and thaid

model The stress tensoan becomputedocally as[18,50}

_ &4 wé. e Dt .. g Aw_
lap= %} 2 ?(fi fi q)q G b-l? iaFHF %L'Ju r(i:%— T " (12)

whereT is an auxiliay tensorthatdepend only on the patrticle distribution functicand
the equilibrium distribution functiori®® defined ag48]:

()
u,G, YUY, H s

2c?

(] =

a

+

f2(x,t)=rw (13

)

g
OI\J
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By combining Eq(12) with Eq. (3) and Eq(11), it is possible to obtainneexpressiorof

¥ thatsolelyrelieson T [51] :

[}

t

a y
w= ngaxééo,lﬂ , (14

where¥p = (e/) c>-1/2)1 is the relaxation frequency ahinfinite shearate.Thus if T
< [, ¥ becomegerg otherwiseit approaches , as the stress magnitude increaSeher
methodgo modelyield-stresdluids usingLBM are avdiablein the literaturg19,20,52

55]. The shearate magnitudandthe stresdield canbe obtaineddirectly obtained from

Y.
- Y
||4|:;—Cf’%—w_ y 19
t WA 2.
260 t:yT'{Va 2w (16)
¢ W

An essentialaspectof studying viscoplasticfluid flows is defining the yield
surfaces, which separag the fluid ina plastified state frontheshearingone This region
is typically defined adJ= ({J, which by Eq (16) returns¥ = 0. Howevet if the yield
surface aredefined as¥ = 0, the results will produce significant noise due to numerical
precision(will be shown in section 4 good approximation it definethe yield surface
asU= ((1+a), whereais a small valuelose to zer@56]. Applying this definitiorto Eq.
(16) yieldsthe following

2aWp
= 1
v 2(1+a) -w, (17

which for lim w= vgand lim w=0. Therefore, in this work, the yield surface will be
a- o a- 0

270 represented by the valueofwhenais 0.025/Bn(explained in section 4)

12
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As for the boundary conditions, wesethe halfwaybounceback schemg7]. This
schemaeanvolvesreflectingthe incoming populations in the lattiteeobtainthe unknown
populations For lattices with a nenull Dirichlet boundary condition, an additional

moment term is added to make the lattice velosiyal to the wall sped87]:

cO
'C—qu’ (19)

S

fT = fi _2\N|rw

where the subscrigt represents the reflected population directianthe density in the
wall, anduw is the velocity in the wallln the LDC case there isa discontinuityin the
corners where the moving watleetsa stationary wallFrompreliminary resultswe have
foundthat modeling these corrssis noamoving (i.e, the moving wall only exists from
the lattices index x = 1 to48 with y = N-1) increases the stability of the simulation and
reduces the chedbkoard patterns that originate from the cornditse velocity inthe
remaining wallgs uw = 0. Our current implementation in GPU is for thr@ienensional
flows (plannedto use in future worKs[47]. We defined the zdirection as a periodic
condition witha length ofonly 4 latticesto modelthe bi-dimensional flow, meaninthe
domainused in this works N x N x 4 in size. The numerical resultwere computedn
an NVIDIA ® Tesl& K80 GPU and required3,400 hours for all simulations totaling
approximately 8.6 x 0 lattice updatesOn average, eagimulationdemandediround

3 hours to complete’(= 2,000 when N = 512and 24 hours when N = 1,024

4. VERIFICATION

We proposeausingtwo casego verify the accuracy of the numerical methdtie
first caseinvolves the LDC with a Newtonian fluid Essessthe minimal mesh required

to capture the transient effects and compare the bifurcation pointthvathterature

13



results The second case is the LDC filled with a viscoplastic fluid to deterthime

validity of our nonregularized implementation ¢ie Bingham fluidmodel

4.1 NEWTONIAN BIFURCATION

The first step inverifying the numerical method involves the bifurcatiath
Newtonian fluid.Initially, we needo determinghe minimum mesh sizequired forthe
study. An et al.[15] reviewedthe mesh used in several studies, ranging from 60 x 60 to
2048 x 2048Coarsemesles were used for permanent casesile refined meshes were

300 necessary for transient casen.ghal.requireda mesh size @tleast 512 x 518 observe

a periodic behavioin the flow. Therefore we conduct the mesh stuéhpm 256 x 256
until 1024 x 1024The model starts with the fluid at rest, and the flow impulsively starts
with the lid mowng atavelocity of U = 0.1lu/ts (lattice unit per time st¢pThedata for
the velocity components in the channel center (x =y = 0.5) is cdpghmaighoutU/N
= 10,000 turnover times with a frequencyldf0 times per turnover timerhe velocity
phase diagram for Re 5800 andBn = 0 for the first 250 turnovertimes is show in
Fig. 1, with thetotal 10,000 turnover timeshownin the inset

Theresults demonstratbat similady to An et al. [1],a minimum mesh size of 512
x 512is necessaryo obtain a periodic behavioht 256 x 256 the solutionappeardo

310 converge toa stable statenitially. Howevet whent & 2 00 0, tbeginsts ol ut i or

diverge and enters daotic state withpertubatiors in the velocity ofabout5% of the
lid. For 512 x 512 and 1024 x 102he modekxhibitsa periodidbehaviorandmantains
it until the end of the 10,000 turnover times. Hwurier power spectreesultsfor the
mesh sizes 12 x 512 and 1024 x 1024 gmesentedn Fig. 2.

The primary frequencfor N = 512andN = 1024 werd = 0.4479andf = 0.4399

respectivelyThese values ammtisfactorily close tthe results obtained Bruneau and

14
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Saad58] of f = 0.45 (Re = 8200),Anet al.[15] of f = 0.437 andLestandi et al[12]
of f = 0.439 The slightdifferencebetween theneslescauses an offset in tifieequency
oscillation while the amplitude charegcan beattributedto a slightshift in the primary
vortex position(0.4620.511) where different distances from tlaertex centerpromote
different perturbation rateBased orthese tests, we will adopt timeesh sizeof 512 x
512for the cases where tfig#nghamnumber is 0, 1, and, and amesh size 01024 x
1024 for the cases where the Bingham number is 5 andrib@lly, we analyze the
bifurcationwith Newtonian fluidand showthe flow oscillation amplitudéasafunction
of the Reynolds numben Fig. 3 for five probe locations according Eag. 4.

For Reynolds numbers below280, the oscillation amplide isof the order of
machine precisignand we conside the regimestationarywith no oscillation The
bifurcationtowards a sefsustained oscillation occurs at 8,100 < Re < 8,2la@eto the
valuesreportedn the literature7,819[9], 7,402[10], ~8,000[58], ~8,02512], and7,700
[15]. At Re = 9,500a secondbifurcationis supposed toccur[12], which coincide with
the secondncrease iramplitudein Fig. 3. The amplitudegrowth in the first bifurcation
follows the expected from Hopbifurcation, Amg © (Re-Re), and reported by other
studieq1,9,12] Concerninghe probesFig. 3 showsthat R is unsutablefor analyzing
the bifurcation sincéhe maximumamplitudeis two ordersof magnituddower than the
otherpoints which can be significantly affected by the position of the vortex cefites
probes ortheleft side of the cavity (Pand B) showthe highesamplitude indicating
that the cdision of the central vortex witthe bottom of the LDC (betweensRAnd R)

amplifies the osdliation asthevortexdetache$rom thebottomwall.

Aln this worktheoscillationamplitudeis computed by taking the sizerijor axis in the phase plot
of x and y velocity components.

15
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4.2 STATIONARY STATE BINGHAM FLUID

We compareour resultswith thoseof Syrakos et al[42] to verify the numerical
method for viscoplastiftuid. In thiscasetheReynolds numbes fixedat 1,00Q0and the
Bingham numberareequalto 1 and 10. The lid moves atelocityof U = 0.1lu/ts, with
the domainbeingdiscretized with 512 x 51and 1024x 1024 for the Bn = 1 and 10,
respectively The simulatiorstarts witha quiescentluid andruns untila steady states
achieved. The comparison of the yield surfagerésenteadn Fig. 5.

Standardeatures of the yielding surface are obserfegdoth Bingham numbers
The plastic region in the bottom of the cavity agrees with the results of Syrakdd 2} al.
For Bn = 1, the right sidshowsa more prominenplasticregion when compared to the
left side. This shape changes when the plastic effects inc&asel0, coalesing the
regionsin the bottom cornersand creating higher peaks on the left side. These peaks
agree with the results o8yr&kos et al[42]. It isessentiato observe that the formulation
usedto define the yield surfac&q.(17), eliminates the rounded corners observeHim
5; however, it still has some problems

Section 3introduced how the yield surfacase obtainedin this work In Fig. 6,
iso-surfacesare showrfor different values of the parameterit can beobservedhat as
the parameter approachesltie isesurfacegprogress toward specific region. However
if the value of'a" equalszerq the contouris represented by a hazy regidinis occurs
becauser is slightly above zeran the unyielded region]t is observed that as the
Bingham numbeiincreass, the minimum value ofa" for which there is no noise
decreasesrlhis can be explainedly the factthat if a numerical pertbation"b" causes
the valueT to be abovd], the value off  Eqa(14) will alsobe above OHowever,as
the valueof ( increases,J/(§ + b) approaches 1, and cagsientlyy Y. B equating

Eq.(14) and(17) with T = §+ b, the value ofa" necessario filter outthis perturbation

16



"b" isa = b(2¥p) /y.Zkkreforethevalueof "a" has to be proportional to 1/Ba filter
out numerical pertbations in ther field.

The othercharacteristideatureof the lid-driven cavity with a Bingham fluid ithe
presence dloating plastic regions thecenterof thecavity. According to Syrakos, these
regions behave a®id bodesandremainstatic inplace indicatingthatthe fluid becomes
plasticin some part@andthenbecomes fluid agaiwhen leaving theinyielded region

370 Anotherverification methods to analyze the positiaand intensityof the primary vortex
center asshown in Tablel.

Thedatademonstratagreement with thiterature[40,42]. ForBn =1, the present
resultshavea differenceof 1% for the positionof the vortexcenterwhencompared to
Syrakos et al[42] and Vola et al[40], while the intensity is within 3%. Mearhile, for
Bn = 10, therds a 15% differencein strengthcompared to Vola et aJ40]. However
other results in the literatuf@0] producea value of 0.048 for this casehich also
matcheghe result obtained by Syrakos et[dR]. The vortex centefior Bn = 10agrees
with data obtained by Syrakos et [@2]. Finally, we compare the-xelocity profile of
the channel centerline (x = 0.5) when R&,8600 andBn = 10. The comparisoaof the

380 results,shown in Fig. 7, demonstrates further agreement between our numerical method
and the data in the literature, giving confidence in our results for the Bingham fluid.
Therefore,we consider that the numericalethod used in this work wilprovide

saisfadory results foour study.

5. RESULTS

The results will bgresentedn two parts: the firswvill showthe stationary regime,
and the seconavill show the transient regimafter the bifurcation. However, to

differentiatebetweenthe two regimes, it is necessary to perform a sergd simulations

17
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as a function of the Reynolds and Bingham numbeiislentify the bifurcation point
Thereforewe solvelLDC for Reynolds numbers up to 20,000 and Bingham numbers from
1 to 10. As previously mentioned uniform mesh size of 512 x 512 is uded the
Bingham numbers 1 and ®hile 1024 x 1024s usedfor Bingham numbers 5na 10
The model starts with the fluid at rest, and the flow impulsively starts with the lid moving
at U = 0.1u/ts. The remaining simulation parameters are derived from the definitions of
Reynolds and Bingham numbeRedrdlesof the regimethe simulations run for a total
of 2,000turnovertimes, which for N = 512nd N = 1024orrespond to 10,240,0@Md
20,480,000 timasteps respectively

We usel velocity fieldresults aP:to analyze the data initiallghown inFig. 8, as
this pointpresented a wide amplitude range as a function of the Reynolds number for the
Newtonian caseThe resultsindicate an increasen amplitudein several ordex of
magnitude implying the bifurcation point for the Bingham numbers of 0, 1, 2, and 5.
However, no bifurcation wasbservedor the Bn = 10 in theange ofReynoldshumbers
analyzed. Therefore, section 5.1 wilinalyzethe resultdor Reynolds numbers less than
8,100, 10200, 11800, 16600, and 200 for the Bingham numbers of 0, 1, 2, 5, and 10,
respectively. Section 5.2 will encompass the-st@tionary regime, i.e., the remaining
Reynolds nmbers. Additionallywe will show our attempt to find the bifurcation point

for Bn = 10.

5.1 STEADY-STATE REGIME

The results for the flow fieldas a function of the Reynolds and Bingham numbers
arepresentedn Fig. 9 to Fig. 12. Initially, we observaunyielded zone$orming at the

bottom of the cavity for low Reynolds numbers. These zones originate from the

¥ The same behaviour occured for all the other probe locations.
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430

detachment of the central vortex from the cavity walls, creatiog-stresgegion Other
unyielded zones exist in the flow: one near the vortex center and atwtherleft of it.
As the Reynolds number increases, the vortex center moves towards the channel center,
bringing theunyielded region close to it. The secamtyielded region mov&towards the
left wall, reducingsize as the stress incresse
It is essatial to highlight that despite these twoyielded regions being inside the
central vortexthey remainfixed in space Syrakos et g42] arguethat this unyielded
fluid moves asrigid body; otherwise, the streamlines would circumvent thi¢ney did
not So to remain in fixed space, the mateialtenters these regions solidifies and starts
to shear when it leaves. Nevertheless, as the Reynolds number inaréesamyielded
regions appear in the central vortex, behaving sityitarpreviously mentioned ones
Another implication ofincreagng the Reynolds number is the collapse of the
bottom yield surfaces, whidtarson the right side and themthe let side.Thiscollapse
of the corners is similar tthe reportof TaylorWest and Hogd59], who studied the
formation of "Moffatt eddie§ in Bingham fluid. In their study, whermertia was
negligible, the reduction of the yield stress caused the appearance of plugs in the corner.
Here we seea repetition of this patternthe decrease of the Bingham numberthe
increase of the Reynolds numicau®dthe formation of a plugnside the yielded region.
The careful reader may have observedithatir resultstheunyieldedfuid in thecorners
is not 100% plastified, wit the lattices near the extremities of the domain havimg a
largerthan intendedBYy increasing the paramet&” in Eq(17), the size of this yielded
region reducesmplying that a numerical perturbation coyldshthe stresfigher than
the yield stress valu&Ve conjecture this error originates frahe boundary condition
formulation usedn the corner, E§18). When thebounceback methodis appliedfor

corners specificp.d.fare consideretidead populatioris meaningthey remain the same
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for thesimulationdurationdue to reflection with one wall at even time steps and with the
other wall at odd timeteps. This error therrgpagateskeeping the fluidyielded in the
corners. Asolution to this problem is tase momenrbased boundary conditiof0]” .
This method defines the momernitsstead of the populationsavoiding the"dead
440 populations. Nevertheless, this errehould nosignificantly affect the bifurcation point
since theerroronly reduceshe apparentiiscosity near the corner (increaselocally).
Following the resultsthe upper left cornenear the moving lids an exciting
location to observeAs the Reynolds number increases, the central vortex detaches from
the left wall leading to the appearanceadbw-stresgegionand consequentlyausing
the plastification ofthefluid in this areaAs Reynolds numbeincreasesthe unyielded
corners fom a plug regiordue tobreaking dowrfrom the"Moffat eddie$. Similarly to
Syrakos et al[42], certain combinations of Re and Broducethe same flow features,
such aghe pairRe =4,000 with Bn =10 andRe =2,000 with Bn =5, which have
Re/ (Bn+1) a, re3pe@ively Hodeves, 3h8se singtities disappear as the
450 difference in the Bingham numbers increadeor exampleRe =2,000 with Bn = 2
( Re/ ( Bn +Ha3 a déferehtdhEhavior
The vorticitygeneratedy thelid's motiondiverges its path due téhe preene of
thewall, causinga circular motion of the fluid in the cavity. At low Reynolds numbers,
the fluid flow changests direction smoothlypecause of # unyelded cornersAs the
Reynolds number increases, thgielded zones reduce in size, causing the central vortex
to "collide" with the bottom of the LDCboostingthe local vorticity magnitude. This
effect becomes mor@rominentas the Bingham numbetecreasesFurthermore the
vorticity tends taconcentraten a narrow region near thmundaryof the central vortex

andis notdiffusedtowardthe centeas the Reynolds number increades worth noting

™ In preliminary results obtained during the review process this error was eliminsitegithe
boundary conditions d60].
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thatwhere the vorticity changedirection the interface between the central vortex and
thecorner eddiesvill likely generateinyielded zones

Figure Fig. 13 presers the results for the center position and intensity of the
primary vortex.Theseresultsincludethe data oSyrakos et al[42] and providefurther
verification data for our numerical rdel. For the vortex center, the tendency to move
slightly up from the center of the LDC continues as the Reynolds number increases.
However, more importantly, the vortex center converges to a single position at
approximately (0.51, 0.53) as the Reynoldsber increaseandindependerty of the
Bingham number. Furthermore asthe central vortex is no longer constrained by the
unyielded material at the bottom thfe LDC, its strength increases with the Reynolds
numberUntil it eventuallyreachesvhereit can no longegrowin size due to the presence
of corner eddies.

FigureFig. 14 presens the results for the velocity profiles #ie centerlines of the
LDC, x = 0.5 and y=0.5As the Reynolds number increases, the velocity gradient in the
center ofthe LDC approacks a constant value, indicating a nparturbed primary
vortex. Howeverincreasinghe Bingham numbesauseshe unyielded regiongo affect
the flow, and this linear behavior is logte velocity profile of the primary vortesan
beusedto determinevhethera specific location is dominated by the vortxthe walls
of theLDC. Forexample when the Bingham number is equal tahk vortex dominates
the fluid motionin the regions where the distance from a wall is higher tham®ile
the walls dominatdor distances lesthan 0.1 As the Bingham number increases, this
distance increases, reducing the centoatexs strengthasseen inFig. 13. In contrast
increasing the Reynolds number causes this distance to rguladacingthe opposite

effect of the Bingham numben the vortex strength.
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5.2 PERIODIC REGIME

As mentioned earlieit, wasimpossibleto observe the bifurt¢ian for the case where
the Bingham numberqualsl0 andis within the definedrange ofthe Reynolds number
Thereforewe extended the sedr range until Re = 30,006lerg we finally obtained a
transition from stationary behavior to periodic when the Reynolds number changed from

490 28,400 to 28,500. Howevett is essentiato point out that checkerboard pattern was
observedn the flowin Reynolds nmbers bigger than 24,008pecificallyin the center
of the primary vortex, indicating the presence of numerical instabilitidserefae, the
bifurcation point obtainetbr Bn = 10 isunreliable andthereader should bearefulwhen
usingthis information Thus, except for the bifurcation pointye only will present the
transient results for Bn = 2, and 5.

If the balance between thadvective, diffusive and pressure terms of E(p)
changes the system magransition from a stable to an unstable regifenethelessye
canincreasehe Bingham number seducethe Reynolds numbéo returnthe system to
a stable statdf we usal thesameeffectiveReynoldsnumberas the on@sed bySyrakos

500 etal.[43] (Re* = Re/ (Bnt 1)) in Fig. 8, the bifurcation point as a function akingle
parametewould still bediscordant However,we could usean empiical parameteiRe
=Re/(BrxC + 1), to indicatewhethetthe flow isin theinertial or viscous regime (similar
to the plastic number ofFhompson and Soar¢®25] with a different scale)Therefore,
allowing usto find a numerical vale on which the bifurcation points move towards a
common pointas shown ifrig. 15. The value o€ = 0, would correspond to floentirely
in the inertial regime, whil€ = 1 would indicate aviscous regimeBased on oudata,
the value of 1/4.28eturrs the best fit. However, ndependentlyof the empirical
approximation resuliswe will proceed with thdlow analyseswith the parameters

discussed in section 2.
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510 As shownin Fig. 8, the squared amplitud&gteadily increasewith the Reynolds
numberonce the flow bifurcatedHowever, unlike the Newtonian case, it no longer
increases linearly with the Reynolds number botooths outasymptoticallyas it
approacheghe critical Reynolds numbew~hen approaching from the righfEurther
increasing th&keynolds numbesometimesauseghe amplitude to swing between two
different levelswhich couldindicate the presence of two or more regimas.this study
usesa transient analysis, it is impossible to determingmefobtainedflow solution is
unique since the resudepend on the initial condition$12], whethertwo or more stable
solutions existandtheir respectivestart andend However,the amplitudealonecannot
determine if other periodic regimes are pres&ntalternative igo examinethe dominant

520 frequency maps as a function of the Reynolds and Bingham numbers, as shogn in
16.

The frequency mapshowthe highest five frequencies powers in each Reynolds
number obtained using a Fast Fourier Transforion the signal of the welocity
component in the four corner probe locatidrisstly, it can be seen that when the flow
transitiors from a stationary to a periodic regimmapstof the dominant frequencies are
equally spaced, indicating thresence osubhamonics.In mostcases, the first and
second higher power frequencies in the four probes coincide, indicating the presence of a
flow structure that dictates the behavior inside the cavity. However, each corrigr has
peculiarity as th@ower of thehigherfrequencies stasto divergebetween them.

530 For the case where the Bingham number iswh significant regimes can be
identified: onefrom Re = 10,300 td7,70Q andanotherhigher than 17,8Q0The first
regime is dominated by only opeimary frequencyasshownby the circular form of the

velocity phase diagram Fig. 17. At Re =14,500a singlefrequency still dominates the
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flow, evenwhen f; increasedrom 0.68 %o 0.75 The flow became unpredictable when
the Reynolds numbencreased toalues above 17,808lowever, hese two regimes are
not the only ones that can occur. At Re = 16,600, a dqésiedic regime wasbserved
with f1 = 0.41 In thisinstance the first harmonic has a poweith the same order of
magnitude as the fundamental frequernegdng to the appearance @f"loop" in the
phase diagram forsP This behavior occurs again at Bn b& at Reynolds numbers of

540 19,600 and 20,000ith f;=0.39 as shown ifrig. 18. This coincides with the observation
made by Syrakos et &4#12] in the stationary stateertain combinations of Reynolds and
Bingham numbrs will exhibit the same flow characteristiég.Bn = 2, a regime with
one dominant frequency is identifiedth f1 = 0.64 or 0.71However it is hard to
distinguish wherghetransition in the frequency occursthis case

NeverthelessyhenRe = 16,700, neither a singler adouble periodic regime was
obtained, but a quagkeriodic state where sevet@minantfrequenciesappeasf; = 0.80,
fo = 0.55,f3 = 0.25) creatinga toroidalform in the phase diagrardvhenBn =5, a single
frequency dominates the spectrum of #malyzedReynoldsnumbes: f1 = 0.62. The
phase diagramis Fig. 19 showthatbandsare createdor each time intervaindicaing

550 that the solution did not reach a periodic stesidy. However this unsteadystateflag
differs for each probe locatiorgsthe bands are easily distinguishable fay Wwhile it
becomes harder to differentidte Pi.

Figure Fig. 20 showsthat the time to reach a steady statereaseswith the
ReynoldsandBingham numbex However theregime changesansignificantlyincrease
or decreasthis time. Forinstancein the case of Re = 180 and Bn = 2, a steady state
was not achievableecausehe flow changdits behavioratt” = 1,400,as shown irFig.

21.c. In mosttasewith low Bingham numbers (1 and 2), a steady state was achieved for

¥ 9n this instanceduring the review procressing[60] boundary conditionsve obtainedf,& 0. 7 1 .
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t" < 1,000 This timeis significantly lower than the Newtonian cases obtaibgd estandi

et al.[12], whererequiredt” = 1,500 on averagéo achieve a stable periodic state, with
some casesequiringt® = 3,000 One explanationfor this differenceis that the
viscoplasticity effect increases the overalapparentviscosity of the fluid and
consequently causdise oscilations from the impulsive staid be dampedHowever, as

the Bingham number increaséise system response changes from critically damped to
overdamped, increasing the time to reasteadystate.

Furthermorein Fig. 20, observingthe different behaviors that occur untiltaady
state is achiever$ impossible Therefore four characteristic behaviocapturedn the
data are representeth Fig. 21. In the frst regime shown inFig. 21.a, the signal
approaches the steadtateasymptotically with the amplituden tandem In the second
regime the flowreaclesa pseudesteadystate andthen secondary instabilities cause the
flow to switch to another statasshown inFig. 21.c. In our studythis behavior occurred
in just two caseshoweverwe cannot guarantee thawill not happerin otherinstances
as it may require a sigmaniy higher number of tira steps to achieve it and therefore
becomesmpractical.In the third andourth casesasshown inFig. 21.b and d, the flow
cannot reach a steadiate during the simulation time, either because it becomes chaotic
or because the time to reaatsteady state is higher tha = 2,000, predoninantly
occurringwhen Bn = 5Lestandi et al[12] also reported thérst two situationswith a
Newtonian fluid.

Finally, we evaluaté¢he flow behavior undexperiodic regimeusingthecase where
Re = 13,000 and Bn = ZEigure Fig. 22 presentghe vorticity and thecell Reynolds
number Re = ||[U(x,y)|s L/d ( xaver gne period of the fundamental frequeridft =
1.55 Firstly, it is essential to point out thidte cell Reynolds number remains three orders

of magnitude lowethan thevalues in the frontier of the primary vortedespite the
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numerical error in the computation af near the bottom corner§hus the assumption
made earlierwherethis error does not compromise the resuis some ground, as the
flow does not appegerturbedHowever it will be necessary for future wasko evaluate
and compare with other numerical methodsd find mitigation formsBetween kand
P> andor P1 and R, unyielding zones remain fixed in spaa@dinside theprimary vortex
The firstunyieldedregionexperiencealmost no changes shapedue toits proximityto
the vortex centeWhile the second one, located below the chanresiter, is greatly
590 affected by the secondary flow structures formed at the edge of the primary vortex and
consequently chang@&ssize and location when other unyielding regions come close.
Secondaryflow structuresoccurin the interface between the primary vortex and
the bottom right cornecorresponding t@ small streakvhere the vorticity magnitude
equals zeroTheresultingoscillationspropag#e downstream, creating zones of reduced
stresscausinghe fluid tounyield In thiscase one of the unyielded zonpasseshrough
the R location. The passage of this unyielded zone in the phase diagstmwnin Fig.
18, will correspond to the straight segmenhe phase diagranthen sharply changes
direction ¢€lockwisg whenthe unyieldedzoneexistsin the probe location P As the
plastifiedregionmovesinside the cavity, ipasgsthrough regions with increased stress
600 rates(due to the contact of the primary vortex with the left yyahusng the fluid to
yield, leading to its disappearance
Another locatiorthatis prone togenerat unyielded spotss locatedin the top right
corner. Herga zone of low stress is create@tien the primary vaex detaches from the
left wall. The unyieldedluid, which originates from the left wall detackesfrom the wall
andmovesto ahigher stress zone, where thesentuallydisperseln this cornera vortex
formsnear the lid, with its center containing an unyielded region that movesmbefight

(between x = 0.1 and 0. 2 saBecausghisanyiededd 7 ) as
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regionmovesin the opposite direction of the flow field indicates that it id notbehave
as a rigid body, but rather the incoming flgidstiies whenenteringthese regionsand
610 beconesfluid againonceit leavestheyield surface
Interestingly an unyielded region appears periodically at the same distance from
thelidbut at despite th® high Shear eagxpected near thep of the LDC
Indicatng that the lid cannot remove all incoming oscillations, althoughilit reduce
them, as seen by the amplitude of the phase diagrams ¢onfared to Pand R. The
instability propagatiortauses a feedback lgamaking the flow behave under the same
fundamental frequencies, independentlyhef locationin the cavityandonly differing in
intensity. Sincethe instabilities are seHustained, starting from a previously stationary
solutionwill likely not produce the periodic solutidghat could beobtained through an
impulsive startas reported by Lestandi et H2].

620

6. CONCLUSION

This paper presented a numerical model based on the lattice Boltzmann method

to evaluate the flow im two-dimensional liddriven cavity with a viscoplastic fluid at
high Reynoldsnumbes. The results were divided into two parts: the fisghere a
stationary regime is maintained, and the seceritere a periodic behavior appears after
a Hopf bifurcationln the stationary regime, ttstrength of therincipal vortexincreased
with the Reynolds number, while incr@agplastic effects reducatl The position of the
vortex centemovedtowards a common point in the center of the cavity as the Reynolds
number approacldghe bifurcation point, indemelenty of the Bingham number. As the

630 Reynolds number increased, the unyielded surface inside the centralamatthe ones

near the bottom cornersduced in sizeprogressivelystarting from the right to the left
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side. The reduction d@heviscoplasticsurfacesizein thecorners occurred due creating
avortex similar tothe Moffatt eddies, whergart of an unyielded corner separatesi in
plug, which later becomdhiid. Usingthe¥ field on the LBM it was possible to obtain
viscoplastic surfaces in agreement with the results encednterthe literatureand
provide new benchmark data.

As the Reynolds number increased, the flow transitioned from a statitmary
periodic regime. Thisransformatiordepenédon the Bingham numbeandthe critical
Reynolds numbencreasd with the yield stressHowever there are indications that this
transition is correlated withnaeffective Reynolds number, as certain combinations of Re
and Bn had the same flovharacteristicsln most cases anagd the flowwasdominated
by one fundamental frequency. Howewalofaining a quagperiodicor doubleperiodic
statewas possibleinder certain conditiongs the Reynolds numbéancreasedthe flow
transitioned to a chaotic statdnen the Bingham number was equal t&4 the Bingham
number increasedhe time to reach a steadtate also increasebyutin some caseshe
flow remained in a transient regirdae tothe maximumstipulatedsimulation timebeing
reachedThe numericalmethod was stable in the primary study range; it only exhibited
numerical instabilities wheattemptingto increasethe Reynolds numbeio find the
bifurcation pointfor Bn = 10.

As thenecessargimulation timeincreases with the mesh refinement, we expect
that the results presented handl assistresearches in using moreadvaned numerical
methodsto save time when conductirgimilar studes For future workswe aim to
evaluatespecificflow characteristics requiring more refineanesh such as polygonal

vortexand extend the method to a thidiensional cavity.
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Tablel - Primary vortex center position and intensity.

Re =1000Bn=1 Re = 1000 Bn =10
Source Xe Ye y Xe Ye M
Present Results 0.5382 0.5695 0.1034 0.7945 0.8493 0.0471
Syrakos et a[42] 0.5391 0.5690 0.1056 0.7957 0.8491 0.0477
Vola et al.[40] 0.537 0.575 0.1066 0.748 0.786 0.0542
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of the 10,000 turnover times.
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890 Fig. 147 Horizontal velocity along the x = 0.5 centerline and vertical velocity along the y = 0.5 centerline
as a function of the Reynolds and Bingham numbers.
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