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ABSTRACT 

 

This paper explores the flow behavior of a bi-dimensional lid-driven cavity filled 

with a viscoplastic fluid. The results were obtained numerically using the moment 

representation of the lattice Boltzmann method for a Bingham fluid. The lid-driven cavity 

is a classic problem in computational fluid dynamics, often used to compare numerical 30 

methods due to the presence of singularities in its corners and complex flow structures. It 

is well-known that the flow bifurcates from a stationary to a periodic regime in Newtonian 

fluids as the Reynolds number exceeds a certain threshold. This information can be used 

as a benchmark for numerical methods at high Reynolds numbers. However, results for 

viscoplastic fluids at high Reynolds numbers fall short. The data obtained in this work, 

with Reynolds numbers up to 20,000 and Bingham numbers up to 10, show how the 

bifurcation point increases with the fluidôs yield stress. Below the bifurcation point, the 

primary vortex center converges towards a single point, independently of the Bingham 

number. Above the bifurcation point, most cases present a single dominant frequency, 

while double or quasi-periodic regimes were obtained under certain conditions. We 40 

observed that the time required to reach a permanent state increases with the Bingham 

number. Finally, the flow exhibits stationary and moving yield surfaces, with some of the 

latter traveling inside the primary vortex. 

 

Keywords: Lid-driven cavity, Bingham, Periodic behavior, Bifurcation.  
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1. INTRODUCTION  

The flow inside or over a cavity is a common problem in fluid mechanics, which 

can be encountered in grooved channels [1] or dwell coaters [2]. In the first case, one of 

the sides of the cavity is open to a shearing flow, causing the fluid to recirculate. In the 50 

second case, the movement of a wall drives the flow. These cases are interesting because 

they can still provide different and complex flow structures. The latter case presents 

simple boundary conditions (only the fluid velocity in the walls is defined). Consequently, 

it has been chosen as one of the benchmark cases to evaluate numerical methods and 

understand the physical phenomena. 

In the squared lid-driven cavity (LDC), a vortex is formed in its center, with 

secondary vortexes appearing in the corners as the Reynolds number increases [3].  

Additionally, the flow begins to present instabilities and enters a periodic regime, which 

was first observed in the literature for non-squared cavities (aspect ratio >1) [4,5]. Later, 

this transition was detected numerically in a squared cavity [6], where a regularized 60 

boundary condition was employed to account for the discontinuity in the corners of the 

LDC. Their analysis obtained a stationary-state solution up to Re = 10,000, although this 

was higher than the previous result of Re = 7,500 obtained by [7] apud [6]. They argued 

that using a regularized boundary condition changed the effective Reynolds number of 

the flow. However, a periodic solution was established when they increased the Reynolds 

number from 10,000 to 10,500. Later, Poliashenko and Aidun [8] studied the effect of the 

cavity aspect ratio, ranging from 0.8 to 1.5 (height/length), and obtained a value of Re = 

7,763 for the case of a square cavity. Subsequently, Cazemier et al. [9] used proper 

orthogonal decomposition to identify the first bifurcation at Re =  7,819, with secondary 

bifurcations occurring as the Reynolds number increased.  They also performed DNS 70 

simulations to verify their model, which returned Re = 7,972 for the first bifurcation point. 
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Peng et al. [10] applied DNS to verify the secondary transitions obtained by Cazemier et 

al. [9]. In their study, the first bifurcation was obtained at Re = 7,704. As they increased 

the Reynolds number, different bifurcation branches appeared, until the flow became 

chaotic at Re > 11,000.   

At Re = 10,000, Sengupta et al. [11] reported a new stable periodic configuration 

with a triangular vortex located at the center of the cavity. Sengupta et al. [11] argued that 

previous works had not observed these triangular vortex structures due to insufficient 

discretization of the dissipative and advective terms. Lestandi et al. [12] reported the 

presence of these vortical structures at Re = 8,800 and analyzed the temporal evolution 80 

of the flow leading to bifurcation. They described three stages before the flow 

stabilization in a periodic regime: the first stage corresponds to the presence of transitory 

structures that arise from the impulsive start, followed by the flow settling into a 

stationary regime (stage 2) where a minimal oscillation is present. Stage 3 corresponds to 

the growth of the oscillation amplitude until it reaches a saturation point, where it does 

not grow anymore, reaching a periodically stable regime. Lestandi et al. [12] assessed the 

differences in the flow when impulsively starting from a quiescent or a previous stable 

state (using the results from a lower Reynolds number). They concluded that starting from 

rest would lead the flow to bifurcate in a lower Reynolds number when compared to the 

second option, with the justification that using an impulsive flow start would perturb all 90 

oscillation modes equally. Lestandi et al. [12] determined that the first bifurcation point 

occurs at Re å 8,020 by analyzing the flow response when a pulsating vortex was 

removed, and the oscillation remained. Finally, they pointed out that different initial 

conditions will lead to other stable states, so the solution's uniqueness cannot be presumed 

from a transient analysis. As an additional note: the bifurcation may occur at lower 

Reynolds numbers for non-isothermal flows [13].  
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Until now, high-order discretization schemes have been the preferred method for 

DNS simulations of the LDC. An alternative to these schemes is the lattice Boltzmann 

method (LBM), which has demonstrated the potential to efficiently model high Reynolds 

numbers over the past years. The LBM is a numerical method that resolves an unsteady 100 

flow by evolving the Boltzmann equation [14] rather than directly solving Navier-Stokes 

equations. The LDC was often chosen as a benchmark problem to validate the LBM. For 

example, An et al. [15] evaluated the Newtonian case up to Re = 20,000, obtaining similar 

results to previously mentioned works, with the first bifurcation happening at Re å 8,000. 

Lin et al. [16] studied different aspect ratios and found the bifurcation occurring as low 

as Re  å 5,750 for AR = 3. Studies with non-Newtonian fluids have also been conducted 

[17ï20], leading us to the topic of the current work: LDC filled with non-Newtonian 

fluids, particularly viscoplastic fluids. 

A viscoplastic fluid is a non-Newtonian fluid that exhibits yield stress, meaning that 

a minimum stress is necessary to shear the material [21,22,31,32,23ï30]. Over the years, 110 

several models have been proposed to describe this behavior, such as Bingham [33], 

Herschel-Bulkley [34], Casson [35], or more complex models [36,37]. The flow is 

inherently different from the Newtonian case due to its tendency to exhibit a plastic 

behavior in low-stress areas. One of the first attempts to analyze the viscoplastic flow in 

the LDC was performed by Mitsoulis and Zisis [38], who fixed the Reynolds number to 

unity and varied the Bingham number from 0 to 5×105. Their numerical model used a 

regularized Bingham model [23] and the finite element method. The study detected 

formation of  unyielded region at the bottom of the LDC, whose size depends on the yield 

stress of the fluid. Another unyielded region was also observed near the center of the 

primary vortex. Syrakos et al. [39] later pointed out that the fluid behaves like a rigid 120 

body that translates and rotates in this location. Thus, for the viscoplastic surface to 
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remain fixed in space, the fluid that enters this zone has to plastify  and when it leaves, 

revert back to a liquid state. 

Vola et al. [40] investigated Bingham numbers of 1, 10, and 100 outside the 

creeping flow regime (Re = 1,000), which expanded the work of Mitsoulis and Zisis [38]. 

The primary vortex center moved upwards and towards the right as the Bingham number 

increased. While no plastic region was observed for Bn = 1, they appeared in the bottom 

of the LDC and inside the primary vortex for Bn = 10, although displaced to the left side.  

Santos et al. [41] used the SMD viscosity model [36] to represent a viscoplastic fluid with 

shear-thinning effects within the LDC. They found that increasing the shear-thinning 130 

effects or the flow intensity (inverse of Bingham number) reduced the size of the 

unyielded regions in the bottom corners and the center of the LDC. Syrakos et al. [42] 

expanded the range of Reynolds numbers studied up to 5,000 and observed that the center 

of the primary vortex moved towards the center of the LDC as the Reynolds number 

increased. Increasing the Bingham number caused the primary vortex center to move 

towards the right and up, while the vortex strength remained constant for Reynolds 

numbers less than 100, but the strength decreased as the yield stress rose. For Re > 100, 

the vortex strength exhibited two behaviors: i) an increase with the Reynolds number for 

Bn < 10 and ii)  and dropped for Bn > 10. 

The studies conducted for LDC with viscoplastic fluids have primarily focused on 140 

the stationary flow regime. However, some studies have also assessed the transient 

effects, specifically the cessation of movement. Syrakos et al. [43] analyzed the case 

where the lid cesses its movement after reaching a steady-state regime. In this problem, 

viscoplastic fluids differ from Newtonian fluids because the fluid eventually comes to 

rest in a finite time. Syrakos et al. [43] provided benchmark results for Reynolds numbers 

ranging from 1 to 1,000 and Bingham numbers from 1 to 10.  They showed that the 
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cessation time could have a weak dependence on the Reynolds number if the non-

dimensional time is scaled with the fluid yield stress, but it was still strongly dependent 

on the Bingham number. This work was later extended by Sverdrup et al. [44], who 

employed a Herschel-Bulkley fluid model and performed a qualitative cessation analysis 150 

for a cubic LDC. They presented results for the bi-dimensional stationary case, with 

outcomes similar to Santos et al. [41], where shear-thickening fluid exhibited a higher 

gradient of the apparent viscosity field near the yield surface compared to a shear-thinning 

fluid. 

As previously mentioned, increasing the Reynolds number in the LDC with a 

Newtonian fluid results in a transition from a stationary state to a periodic regime. 

However, to our knowledge, no one has attempted to investigate whether such 

bifurcations will occur in viscoplastic fluids, either because the current practical 

applications with viscoplastic fluids do not reach high Reynolds numbers or due to the 

limitations in numerical methods. Nevertheless, we propose to analyze if these 160 

bifurcations occur in viscoplastic fluids and, if they do, to investigate how the material 

yield stress will affect the periodic regime. Furthermore, it can be helpful in the future to 

compare other numerical methods with viscoplastic fluids in high inertial regimes. 

 Therefore, the present work aims to numerically model a squared lid-driven cavity 

flow with Bingham fluid. The simulations were performed using the moment 

representation of the lattice Boltzmann method [45ï47], an alternative approach to the 

conventional LBM. We aim to investigate the effects of yield stress and inertia on the 

flow structures, such as the velocity field, vortex structures, yield surfaces, bifurcation 

points, and oscillation frequencies. Additionally, we aim to provide initial benchmark 

data for viscoplastic flow at high Reynolds numbers. 170 
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This work is organized as follows: Section 2 presents the governing equations and 

the dimensionless numbers. Section 3 brings the numerical formulation based on the 

moment representation of the lattice Boltzmann method. Section 4 demonstrates the 

numerical validation performed, involving the Hopf-bifurcation with a Newtonian fluid 

and LDC flow with Bingham fluid in the stationary regime. Finally, Section 5 presents 

the results obtained, divided into two parts. The first part shows the results for the 

stationary regime, and the second part covers the cases where the flow becomes periodic. 

2. GOVERNING EQUATIONS  

We consider the bi-dimensional lid-driven cavity with dimensions of L × L, where 

the lid moves in the positive x-direction with a magnitude U. The cavity is filled with a 180 

generalized Newtonian fluid that satisfies the isothermal incompressible mass and 

moment balance equations [21]: 

 0ÐÖ =u  , (1) 

 ( ) P
t

r
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+ ÖÐ =ÐÖ -Ðé ùµê ú

u
u u Ű  , (2) 

where u is the fluid velocity field, ɟ is the fluid density, Ű is the stress tensor, and P is the 

pressure. We model the fluid following the Bingham fluid model [21,33]: 
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with Űy representing the yield stress, ɛ is the dynamic viscosity, ɔis the rate-of-strain 

tensor, and ||Ű|| = [ (1/2){Ű:Ű}] 1/2 is the magnitude of the extra stress tensor [26]. Following 

the normalization proposed by Thompson and Soares [25], the time scale for a Bingham 190 

fluid and other dimensions are: 
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which returns the dimensionless momentum balance equation: 
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where Re = ɟUL/ɛ is the Reynolds number, and Bn = ŰyL/ɛU is the Bingham number. 

Thompson and Soares [24] also mention a normalization based on the characteristic stress 

Ű* = Űy + ɛU/L, but they recommend using as characteristic stress the value where the 

deformation rate is maximum. In this study, the maximum deformation rate occurs near 

the top corners, where the fluid behaves like a Newtonian fluid, and hence normalization 

by Eq. (4) without the yield stress factor would be recommended since the viscous and 200 

plastic effects are reduced (but not negligible). 

 

3. NUMERICAL METHOD  

The lattice Boltzmann method (LBM) is a numerical method based on the 

Boltzmann equation, where flow is solved in the mesoscopic scale. The  LBM uses the 

particle distribution function (p.d.f.), which describes the number and momentum of 

particles in a particular spatial location. The evolution of the Boltzmann equation can be 

utilized as a numerical method by discretizing the spatial domain and velocity space into 

a finite number of lattices and velocity directions, respectively. The p.d.f. changes over 

time because the particles collide, changing their direction and sometimes moving to 210 

another lattice. Over time, the p.d.f. approaches an equilibrium state. Therefore,  the 

method relaxes the particle distribution function towards the equilibrium state, which is 
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then distributed to the neighboring lattices [14,48]. This process can be described as 

follows: 

 ( ) ( ) ( ) ( ), 1 , ,eq

i i i if t t t f t f tw w+ D +D = - +x c x x , (6) 

where fi(x,t) is the particle distribution function, fi
eq is the equilibrium distribution 

function, i is the velocity direction, x is the spatial coordinate, t is the time, ci is a constant 

velocity vector, ȹt is the time step, and 1/ɤ is relaxation time based on the BGK collision 

operator [49]. However, this method requires an i-number of scalars per lattice to be 

stored in the memory, which becomes taxing as the domain size increases, particularly 220 

for three-dimensional cases. We use a variant of the conventional LBM known as the 

moment representation to alleviate this issue [45ï47]. This method stores the moments 

from 0th to 2nd order instead of p.d.f (or populations), reducing memory allocation and 

increasing speed. However, it is still necessary to know the local populations to perform 

the streaming process after the collision, which can be obtained using [45]: 
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where 
(2) 2

,i i i sc c cab a b abd= -  is the second-order tensorial Hermite polynomial, ɟ is the 

fluid density, uŬ is the velocity, 
(2)mab is the second-order moment, sc  is the speed of sound, 

icais the velocity vector with weights wi, which for D3Q19 velocity set is defined as: 
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With the streaming process computed, the moments are recovered: 
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 Which then allows us to perform the collision step: 

 ( )* *(2) (2)1m m u uab ab a br w r wr= - + , (10) 

The superscript * indicates post-collision moments.  The LBM returns the mass and 

momentum transport equations when certain conditions must be satisfied, one of them is 

the relaxation frequency being correlated to the apparent viscosity, as shown in 

[14,18,50]: 
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where ɖ is the fluid's apparent viscosity. The formulation is essential for viscoplastic 240 

fluids since the apparent viscosity approaches infinity as the shear rate decreases. 

However, when this occurs in Eq. (11) , the value of ɤ approaches 0. Therefore, the Eq. 

(10) degenerates, and the pre and post-collision moments are equal, which means the flow 

retains the same properties, i.e., either the fluid remains at rest or exhibits rigid body 

motion. The challenge is calculating ɖ as a function of the LBM parameters and the fluid 

model. The stress tensor can be computed locally as [18,50]: 
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where T is an auxiliary tensor that depends only on the particle distribution function and 

the equilibrium distribution function feq defined as [48]: 
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By combining Eq. (12) with Eq. (3) and Eq. (11), it is possible to obtain an expression of 

ɤ that solely relies on T [51] : 

 max 0,1
y

p

t
w w

å õ
= -æ öæ ö

ç ÷T
, (14) 

where ɤp = (ɛ/ɟcs
2-1/2)-1 is the relaxation frequency at an infinite shear rate. Thus,  if  T 

< Űy, ɤ becomes zero; otherwise, it approaches ɤp as the stress magnitude increases. Other 

methods to model yield-stress fluids using LBM are available in the literature [19,20,52ï

55]. The shear-rate magnitude and the stress field can be obtained directly obtained from 

ɤ: 
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An essential aspect of studying viscoplastic fluid flows is defining the yield 

surfaces, which separate the fluid in a plastified state from the shearing one.  This region 

is typically defined as Ű = Űy, which by Eq. (16) returns ɤ = 0. However, if the yield 

surfaces are defined as ɤ = 0, the results will produce significant noise due to numerical 

precision (will be shown in section 4). A good approximation is to define the yield surface 

as Ű = Űy(1+a), where a is a small value close to zero [56]. Applying this definition to Eq. 

(16) yields the following: 

 
( )

2

2 1

p

p

a

a

w
w

w
=

+ -
, (17) 

which for lim p
a
w w

­¤
= and 

0
lim 0
a
w

­
= . Therefore, in this work, the yield surface will be 

represented by the value of ɤ when a is 0.025/Bn (explained in section 4). 270 
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As for the boundary conditions, we use the halfway bounce-back scheme [57]. This 

scheme involves reflecting the incoming populations in the lattice to obtain the unknown 

populations. For lattices with a not-null Dirichlet boundary condition, an additional 

moment term is added to make the lattice velocity equal to the wall speed [57]: 

 
2

2
 i w

i i wi

s

f f w
c

r
Ö

= -
c u

, (18) 

where the subscript i  represents the reflected population direction, ɟw the density in the 

wall, and uw is the velocity in the wall. In the LDC case,  there is a discontinuity in the 

corners where the moving wall meets a stationary wall. From preliminary results, we have 

found that modeling these corners as non-moving (i.e., the moving wall only exists from 

the lattices index x = 1 to N-2 with y = N-1) increases the stability of the simulation and 280 

reduces the check-board patterns that originate from the corners. The velocity in the 

remaining walls is uw = 0. Our current implementation in GPU is for three-dimensional 

flows (planned to use in future works) [47]. We defined the z-direction as a periodic 

condition with a length of only 4 lattices to model the bi-dimensional flow, meaning the 

domain used in this work is N × N × 4 in size.  The numerical results were computed on 

an NVIDIA ® Tesla® K80 GPU and required 3,400 hours for all simulations, totaling 

approximately 8.6 × 1015 lattice updates. On average, each simulation demanded around 

3 hours to complete (t* = 2,000) when N = 512 and 24 hours when N = 1,024. 

4. VERIFICATION  

We propose using two cases to verify the accuracy of the numerical method. The 290 

first case involves the LDC with a Newtonian fluid to assess the minimal mesh required 

to capture the transient effects and compare the bifurcation point with the literature 
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results. The second case is the LDC filled with a viscoplastic fluid to determine the 

validity of our non-regularized implementation of the Bingham fluid model. 

4.1 NEWTONIAN BIFURCATION 

The first step in verifying the numerical method involves the bifurcation with 

Newtonian fluid. Initially, we need to determine the minimum mesh size required for the 

study. An et al. [15] reviewed the mesh used in several studies, ranging from 60 × 60 to 

2048 × 2048. Coarse meshes were used for permanent cases, while refined meshes were 

necessary for transient cases. An et al. required a mesh size of at least 512 × 512 to observe 300 

a periodic behavior in the flow. Therefore, we conduct the mesh study from 256 × 256 

until 1024 × 1024. The model starts with the fluid at rest, and the flow impulsively starts 

with the lid moving at a velocity of U = 0.1 lu/ts (lattice unit per time step). The data for 

the velocity components in the channel center (x = y = 0.5) is captured throughout tU/N 

= 10,000 turnover times with a frequency of 160 times per turnover time. The velocity 

phase diagram for Re = 8,800 and Bn = 0 for the first 2,250 turnover times is shown in 

Fig. 1, with the total 10,000 turnover times shown in the inset. 

The results demonstrate that, similarly to An et al. [1], a minimum mesh size of 512 

× 512 is necessary to obtain a periodic behavior. At 256 × 256,  the solution appears to 

converge to a stable state initially. However, when t* å 2000, the solution begins to 310 

diverge and enters a chaotic state with perturbations in the velocity of about 5% of the 

lid. For 512 × 512 and 1024 × 1024, the model exhibits a periodic behavior and maintains 

it until the end of the 10,000 turnover times. The Fourier power spectra results for the 

mesh sizes of 512 × 512 and 1024 × 1024 are presented in Fig. 2.  

The primary frequency for N = 512 and N = 1024 were f = 0.4479 and f = 0.4399, 

respectively. These values are satisfactorily close to the results obtained by Bruneau and 
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Saad [58] of  f  =  0.45 (Re = 8200),   An et al. [15] of  f  =  0.437, and Lestandi et al. [12] 

of  f  =  0.439. The slight difference between the meshes causes an offset in the frequency 

oscillation, while the amplitude change can be attributed to a slight shift in the primary 

vortex position (0.462;0.511), where different distances from the vortex center promote 320 

different perturbation rates. Based on these tests, we will adopt the mesh size of 512 × 

512 for the cases where the Bingham number is 0, 1, and 2, and a mesh size of 1024 × 

1024 for the cases where the Bingham number is 5 and 10. Finally, we analyze the 

bifurcation with Newtonian fluid and show the flow oscillation amplitudeÀ as a function 

of the Reynolds number in Fig. 3 for five probe locations according to Fig. 4. 

For Reynolds numbers below 8,200, the oscillation amplitude is of the order of 

machine precision, and we consider the regime stationary with no oscillation. The 

bifurcation towards a self-sustained oscillation occurs at 8,100 < Re < 8,200, close to the 

values reported in the literature: 7,819 [9], 7,402 [10], ~8,000 [58], ~8,025 [12], and 7,700 

[15]. At Re = 9,500, a second bifurcation is supposed to occur [12], which coincides with 330 

the second increase in amplitude in Fig. 3. The amplitude growth in the first bifurcation 

follows the expected from Hopf-bifurcation, Amp2  θ (Re-Rec), and reported by other 

studies [1,9,12]. Concerning the probes, Fig. 3 shows that P0 is unsuitable for analyzing 

the bifurcation since the maximum amplitude is two orders of magnitude lower than the 

other points, which can be significantly affected by the position of the vortex center. The 

probes on the left side of the cavity (P1 and P2)  show the highest amplitude, indicating 

that the collision of the central vortex with the bottom of the LDC (between P4 and P1) 

amplifies the oscillation as the vortex detaches from the bottom wall. 

                                                 
À In this work the oscillation amplitude is computed by taking the size of major axis in the phase plot 

of x and y velocity components. 
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4.2 STATIONARY STATE BINGHAM FLUID 

We compare our results with those of Syrakos et al. [42] to verify the numerical 340 

method for viscoplastic fluid. In this case, the Reynolds number is fixed at 1,000, and the 

Bingham numbers are equal to 1 and 10. The lid moves at a velocity of U = 0.1 lu/ts, with 

the domain being discretized with 512 × 512 and 1024 × 1024 for the Bn = 1 and 10, 

respectively. The simulation starts with a quiescent fluid and runs until a steady state is 

achieved. The comparison of the yield surface is presented in Fig. 5. 

Standard features of the yielding surface are observed for both Bingham numbers. 

The plastic region in the bottom of the cavity agrees with the results of Syrakos et al. [42]. 

For Bn = 1, the right side shows a more prominent plastic region when compared to the 

left side. This shape changes when the plastic effects increase, Bn = 10, coalescing the 

regions in the bottom corners and creating higher peaks on the left side. These peaks 350 

agreed with the results of Syrakos et al. [42]. It is essential to observe that the formulation 

used to define the yield surface, Eq. (17), eliminates the rounded corners observed in  Fig. 

5; however, it still has some problems.  

Section 3 introduced how the yield surfaces are obtained in this work.  In Fig. 6, 

iso-surfaces are shown for different values of the parameter a. It can be observed that as 

the parameter approaches 0, the iso-surfaces progress toward a specific region. However, 

if  the value of "a" equals zero, the contour is represented by a hazy region. This occurs 

because ɤ is slightly above zero in the unyielded region,. It is observed that as the 

Bingham number increases, the minimum value of "a" for which there is no noise 

decreases. This can be explained by the fact that if a numerical perturbation "b" causes 360 

the value T to be above Űy, the value of ɤ in Eq. (14) will also be above 0. However, as 

the value of Űy increases,  Űy/(Űy + b) approaches 1, and consequently ɤ Ÿ 0. By equating 

Eq. (14) and (17) with T = Űy +  b, the value of "a" necessary to filter out this perturbation 
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"b" is a = b(2-ɤp)/2Űy. Therefore, the value of "a" has to be proportional to 1/Bn to filter 

out numerical perturbations in the ɤ field. 

The other characteristic feature of the lid-driven cavity with a Bingham fluid is the 

presence of floating plastic regions in the center of the cavity. According to Syrakos, these 

regions behave as rigid bodies and remain static in place, indicating that the fluid becomes 

plastic in some parts and then becomes fluid again when leaving the unyielded region. 

Another verification method is to analyze the position and intensity of the primary vortex 370 

center, as shown in Table 1. 

The data demonstrate agreement with the literature [40,42]. For Bn = 1, the present 

results have a difference of 1% for the position of the vortex center when compared to 

Syrakos et al. [42] and Vola et al. [40], while the intensity is within 3%. Meanwhile, for 

Bn = 10, there is a 15% difference in strength compared to Vola et al. [40]. However, 

other results in the literature [20] produce a value of 0.048 for this case, which also 

matches the result obtained by Syrakos et al. [42]. The vortex center for Bn = 10 agrees 

with data obtained by Syrakos et al. [42]. Finally, we compare the x-velocity profile of 

the channel centerline (x = 0.5) when Re = 1,000 and Bn = 10. The comparison of the 

results, shown in Fig. 7, demonstrates further agreement between our numerical method 380 

and the data in the literature, giving confidence in our results for the Bingham fluid. 

Therefore, we consider that the numerical method used in this work will provide 

satisfactory results for our study.  

5. RESULTS 

The results will be presented in two parts: the first will show the stationary regime, 

and the second will show the transient regime after the bifurcation. However, to 

differentiate between the two regimes, it is necessary to perform a series of simulations 
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as a function of the Reynolds and Bingham numbers to identify the bifurcation point. 

Therefore, we solve LDC for Reynolds numbers up to 20,000 and Bingham numbers from 

1 to 10. As previously mentioned, a uniform mesh size of 512 × 512 is used for the 390 

Bingham numbers 1 and 2, while 1024 × 1024 is used for Bingham numbers 5 and 10. 

The model starts with the fluid at rest, and the flow impulsively starts with the lid moving 

at U = 0.1 lu/ts. The remaining simulation parameters are derived from the definitions of 

Reynolds and Bingham numbers. Regardless of the regime, the simulations run for a total 

of 2,000 turnover times, which for N = 512 and N = 1024 correspond to 10,240,000 and 

20,480,000 time steps, respectively.  

We used velocity field results at P1 to analyze the data initially, shown in Fig. 8, as 

this point presented a wide amplitude range as a function of the Reynolds number for the 

Newtonian case. The results indicate an increase in amplitude in several orders of 

magnitude, implying the bifurcation point for the Bingham numbers of 0, 1, 2, and 5. 400 

However, no bifurcation was observed for the Bn = 10 in the range of Reynolds numbers 

analyzedÿ. Therefore, section 5.1 will analyze the results for Reynolds numbers less than 

8,100, 10,200, 11,800, 16,600, and 20,000 for the Bingham numbers of 0, 1, 2, 5, and 10, 

respectively. Section 5.2  will encompass the non-stationary regime, i.e., the remaining 

Reynolds numbers. Additionally, we will show our attempt to find the bifurcation point 

for Bn = 10. 

5.1 STEADY-STATE REGIME 

The results for the flow field, as a function of the Reynolds and Bingham numbers, 

are presented in Fig. 9 to Fig. 12. Initially, we observe unyielded zones forming at the 

bottom of the cavity for low Reynolds numbers. These zones originate from the 410 

                                                 
ÿ The same behaviour occured for all the other probe locations. 
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detachment of the central vortex from the cavity walls, creating a low-stress region. Other 

unyielded zones exist in the flow: one near the vortex center and another to the left of it. 

As the Reynolds number increases, the vortex center moves towards the channel center, 

bringing the unyielded region close to it. The second unyielded region moves towards the 

left wall, reducing size as the stress increases.  

It is essential to highlight that despite these two unyielded regions being inside the 

central vortex, they remain fixed in space. Syrakos et al.[42] argue that this unyielded 

fluid moves as a rigid body; otherwise, the streamlines would circumvent them if they did 

not. So to remain in fixed space, the material that enters these regions solidifies and starts 

to shear when it leaves. Nevertheless, as the Reynolds number increases, other unyielded 420 

regions appear in the central vortex, behaving similarly to previously mentioned ones. 

Another implication of increasing the Reynolds number is the collapse of the 

bottom yield surfaces, which starts on the right side and then on the left side. This collapse 

of the corners is similar to the report of Taylor-West and Hogg [59], who studied the 

formation of "Moffatt eddies" in Bingham fluid. In their study, where inertia was 

negligible, the reduction of the yield stress caused the appearance of plugs in the corner. 

Here, we see a repetition of this pattern: the decrease of the Bingham number or the 

increase of the Reynolds number caused the formation of a plug inside the yielded region. 

The careful reader may have observed that in our results, the unyielded fluid in the corners 

is not 100% plastified, with the lattices near the extremities of the domain having a ɤ 430 

larger than intended. By increasing the parameter "a" in Eq.(17), the size of this yielded 

region reduces, implying that a numerical perturbation could push the stress higher than 

the yield stress value. We conjecture this error originates from the boundary condition 

formulation used in the corner, Eq.(18). When the bounce-back method is applied for 

corners, specific p.d.f are considered "dead populations", meaning they remain the same 
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for the simulation duration due to reflection with one wall at even time steps and with the 

other wall at odd time-steps. This error then propagates, keeping the fluid yielded in the 

corners. A solution to this problem is to use moment-based boundary conditions [60]** . 

This method defines the moments instead of the populations, avoiding the "dead 

populations".  Nevertheless, this error should not significantly affect the bifurcation point 440 

since the error only reduces the apparent viscosity near the corner (increases ɤ locally).  

Following the results, the upper left corner near the moving lid is an exciting 

location to observe. As the Reynolds number increases, the central vortex detaches from 

the left wall,  leading to the appearance of a low-stress region and consequently causing 

the plastification of the fluid in this area. As Reynolds number increases, the unyielded 

corners form a plug region due to breaking down from the "Moffat eddies". Similarly to 

Syrakos et al. [42], certain combinations of Re and Bn produce the same flow features, 

such as the pair Re = 4,000 with Bn = 10 and Re = 2,000 with Bn = 5, which have 

Re/(Bn+1) å 363 and 333, respectively. However, these similarities disappear as the 

difference in the Bingham numbers increases. For example, Re = 2,000 with Bn = 2 450 

(Re/(Bn+1) å 333) has a different behavior. 

The vorticity generated by the lid's motion diverges its path due to the presence of 

the wall, causing a circular motion of the fluid in the cavity. At low Reynolds numbers, 

the fluid flow changes its direction smoothly because of the unyielded corners. As the 

Reynolds number increases, the unyielded zones reduce in size, causing the central vortex 

to "collide" with the bottom of the LDC, boosting the local vorticity magnitude. This 

effect becomes more prominent as the Bingham number decreases. Furthermore, the 

vorticity tends to concentrate in a narrow region near the boundary of the central vortex 

and is not diffused toward the center as the Reynolds number increases. It is worth noting 

                                                 
**  In preliminary results obtained during the review process this error was eliminated using the 

boundary conditions of [60]. 
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that where the vorticity changes direction, the interface between the central vortex and 460 

the corner eddies will likely  generate unyielded zones. 

Figure Fig. 13 presents the results for the center position and intensity of the 

primary vortex. These results include the data of Syrakos et al. [42] and provide further 

verification data for our numerical model. For the vortex center, the tendency to move 

slightly up from the center of the LDC continues as the Reynolds number increases. 

However, more importantly, the vortex center converges to a single position at 

approximately (0.51, 0.53) as the Reynolds number increases and independently of the 

Bingham number.  Furthermore, as the central vortex is no longer constrained by the 

unyielded material at the bottom of the LDC, its strength increases with the Reynolds 

number. Until it eventually reaches where it can no longer grow in size due to the presence 470 

of corner eddies. 

Figure Fig. 14 presents the results for the velocity profiles at the centerlines of the 

LDC, x = 0.5 and y=0.5. As the Reynolds number increases, the velocity gradient in the 

center of the LDC approaches a constant value, indicating a non-perturbed primary 

vortex. However, increasing the Bingham number causes the unyielded regions to affect 

the flow, and this linear behavior is lost. The velocity profile of the primary vortex can 

be used to determine whether a specific location is dominated by the vortex or the walls 

of the LDC. For example, when the Bingham number is equal to 1, the vortex dominates 

the fluid motion in the regions where the distance from a wall is higher than 0.1, while 

the walls dominate for distances less than 0.1. As the Bingham number increases, this 480 

distance increases, reducing the central vortex's strength, as seen in Fig. 13. In contrast, 

increasing the Reynolds number causes this distance to reduce, producing the opposite 

effect of the Bingham number on the vortex strength. 

 



 

 

22 

 

5.2 PERIODIC REGIME 

As mentioned earlier, it was impossible to observe the bifurcation for the case where 

the Bingham number equals 10 and is within the defined range of the Reynolds number. 

Therefore, we extended the search range until Re = 30,000. Here, we finally obtained a 

transition from stationary behavior to periodic when the Reynolds number changed from 

28,400 to 28,500. However, it is essential to point out that a checkerboard pattern was 490 

observed on the flow in Reynolds numbers bigger than 24,000, specifically in the center 

of the primary vortex, indicating the presence of numerical instabilities. Therefore, the 

bifurcation point obtained for Bn = 10 is unreliable, and the reader should be careful when 

using this information. Thus, except for the bifurcation point, we only will present the 

transient results for Bn = 1, 2, and 5. 

If the balance between the advective, diffusive, and pressure terms of Eq. (5) 

changes, the system may transition from a stable to an unstable regime. Nonetheless, we 

can increase the Bingham number or reduce the Reynolds number to return the system to 

a stable state. If  we used the same effective Reynolds number as the one used by Syrakos 

et al. [43] (Re* = Re / (Bn + 1)) in Fig. 8, the bifurcation point as a function of a single 500 

parameter would still be discordant. However, we could use an empirical parameter, Re* 

= Re / (Bn×C + 1), to indicate whether the flow is in the inertial or viscous regime (similar 

to the plastic number of Thompson and Soares [25] with a different scale). Therefore, 

allowing us to find a numerical value on which the bifurcation points move towards a 

common point, as shown in Fig. 15. The value of C = 0, would correspond to flow entirely 

in the inertial regime, while C = 1 would indicate a viscous regime. Based on our data, 

the value of 1/4.28 returns the best fit. However, independently of the empirical 

approximation results, we will proceed with the flow analyses with the parameters 

discussed in section 2. 
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As shown in Fig. 8, the squared amplitude steadily increases with the Reynolds 510 

number once the flow bifurcates. However, unlike the Newtonian case, it no longer 

increases linearly with the Reynolds number but smooths out asymptotically as it 

approaches the critical Reynolds number when approaching from the right. Further 

increasing the Reynolds number sometimes causes the amplitude to swing between two 

different levels, which could indicate the presence of two or more regimes. As this study 

uses a transient analysis, it is impossible to determine if the obtained flow solution is 

unique since the result depends on the initial conditions [12], whether two or more stable 

solutions exist, and their respective start and end.  However, the amplitude alone cannot 

determine if other periodic regimes are present. An alternative is to examine the dominant 

frequency maps as a function of the Reynolds and Bingham numbers, as shown in Fig. 520 

16. 

The frequency maps show the highest five frequencies powers in each Reynolds 

number obtained using a Fast Fourier Transform on the signal of the x-velocity 

component in the four corner probe locations. Firstly, it can be seen that when the flow 

transitions from a stationary to a periodic regime, most of the dominant frequencies are 

equally spaced, indicating the presence of sub-harmonics. In most cases, the first and 

second higher power frequencies in the four probes coincide, indicating the presence of a 

flow structure that dictates the behavior inside the cavity. However, each corner has its 

peculiarity as the power of the higher frequencies starts to diverge between them. 

For the case where the Bingham number is 1, two significant regimes can be 530 

identified: one from Re = 10,300 to 17,700, and another higher than 17,800. The first 

regime is dominated by only one primary frequency, as shown by the circular form of the 

velocity phase diagram in Fig. 17. At Re =14,500, a single frequency still dominates the 
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flow, even when  f1 increased from 0.68ÿÿ to 0.75. The flow became unpredictable when 

the Reynolds number increased to values above 17,800. However, these two regimes are 

not the only ones that can occur. At Re = 16,600, a double-periodic regime was observed 

with f1 = 0.41. In this instance, the first harmonic has a power with the same order of 

magnitude as the fundamental frequency, leading to the appearance of a "loop"  in the 

phase diagram for P4.  This behavior occurs again at Bn = 2 but at Reynolds numbers of 

19,600 and 20,000 with  f1 = 0.39, as shown in Fig. 18. This coincides with the observation 540 

made by Syrakos et al. [42] in the stationary state: certain combinations of Reynolds and 

Bingham numbers will exhibit the same flow characteristics. At Bn = 2, a regime with 

one dominant frequency is identified with f1 = 0.64 or 0.71. However, it is hard to 

distinguish where the transition in the frequency occurs in this case. 

Nevertheless, when Re = 16,700, neither a single nor a double periodic regime was 

obtained, but a quasi-periodic state where several dominant frequencies appear (f1 = 0.80, 

f2 = 0.55, f3 = 0.25), creating a toroidal form in the phase diagram. When Bn = 5, a single 

frequency dominates the spectrum of the analyzed Reynolds numbers: f1 = 0.62. The 

phase diagrams in Fig. 19 show that bands are created for each time interval, indicating 

that the solution did not reach a periodic steady state. However, this unsteady state flag 550 

differs for each probe location, as the bands are easily distinguishable for P3, while it 

becomes harder to differentiate for P1. 

Figure Fig. 20  shows that the time to reach a steady state increases with the 

Reynolds and Bingham numbers. However, the regime changes can significantly increase 

or decrease this time. For instance, in the case of Re = 16,700 and Bn = 2,  a steady state 

was not achievable because the flow changed its behavior at t* = 1,400, as shown in Fig. 

21.c. In most cases with low Bingham numbers (1 and 2), a steady state was achieved for 

                                                 
ÿÿ In this instance, during the review procress using [60] boundary conditions, we obtained  f1 å 0.71. 
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t* < 1,000. This time is significantly lower than the Newtonian cases obtained by Lestandi 

et al. [12], where required t* = 1,500 on average to achieve a stable periodic state, with 

some cases requiring t* = 3,000. One explanation for this difference is that the 560 

viscoplasticity effect increases the overall apparent viscosity of the fluid and 

consequently causes the oscillations from the impulsive start to be damped. However, as 

the Bingham number increases, the system response changes from critically damped to 

overdamped, increasing the time to reach a steady state. 

Furthermore, in Fig. 20, observing the different behaviors that occur until a steady 

state is achieved is impossible. Therefore,  four characteristic behaviors captured in the 

data are represented in Fig. 21. In the first regime, shown in Fig. 21.a, the signal 

approaches the steady state asymptotically, with the amplitude in tandem. In the second 

regime, the flow reaches a pseudo-steady state, and then secondary instabilities cause the 

flow to switch to another state, as shown in Fig. 21.c. In our study, this behavior occurred 570 

in just two cases; however, we cannot guarantee that it will not happen in other instances, 

as it may require a significantly higher number of time steps to achieve it and therefore 

becomes impractical. In the third and fourth cases, as shown in Fig. 21.b and d, the flow 

cannot reach a steady state during the simulation time, either because it becomes chaotic 

or because the time to reach a steady state is higher than t* = 2,000, predominantly 

occurring when Bn = 5. Lestandi et al. [12] also reported the first two situations with a 

Newtonian fluid. 

Finally, we evaluate the flow behavior under a periodic regime using the case where 

Re = 13,000 and Bn = 2. Figure Fig. 22 presents the vorticity and the cell Reynolds 

number ReC = ||U(x,y)||ɟL/ɖ(x,y) over one period of the fundamental frequency 1/f1 = 580 

1.55. Firstly, it is essential to point out that the cell Reynolds number remains three orders 

of magnitude lower than the values in the frontier of the primary vortex, despite the 
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numerical error in the computation of ɤ near the bottom corners. Thus, the assumption 

made earlier, where this error does not compromise the results, has some ground, as the 

flow does not appear perturbed. However, it will be necessary for future works to evaluate 

and compare it with other numerical methods and find mitigation forms. Between P0 and 

P2 and or P1 and P4, unyielding zones remain fixed in space and inside the primary vortex. 

The first unyielded region experiences almost no changes in shape due to its proximity to 

the vortex center. While the second one, located below the channel center, is greatly 

affected by the secondary flow structures formed at the edge of the primary vortex and 590 

consequently changes in size and location when other unyielding regions come close.   

Secondary flow structures occur in the interface between the primary vortex and 

the bottom right corner, corresponding to a small streak where the vorticity magnitude 

equals zero. The resulting oscillations propagate downstream, creating zones of reduced 

stress, causing the fluid to unyield.  In this case, one of the unyielded zones passes through 

the P1 location. The passage of this unyielded zone in the phase diagram, as shown in Fig. 

18, will correspond to the straight segment. The phase diagram then sharply changes 

direction (clockwise) when the unyielded zone exists in the probe location P1. As the 

plastified region moves inside the cavity, it passes through regions with increased stress 

rates (due to the contact of the primary vortex with the left wall), causing the fluid to 600 

yield, leading to its disappearance. 

Another location that is prone to generate unyielded spots is located in the top right 

corner. Here, a zone of low stress is created when the primary vortex detaches from the 

left wall. The unyielded fluid, which originates from the left wall, detaches from the wall 

and moves to a higher stress zone, where they eventually disperse. In this corner, a vortex 

forms near the lid, with its center containing an unyielded region that moves left and right 

(between x = 0.1 and 0.2 and y å 0.97) as the flow progresses. Because this unyielded 
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region moves in the opposite direction of the flow field, it indicates that it did not behave 

as a rigid body, but rather the incoming fluid plastifies when entering these regions and 

becomes fluid again once it leaves the yield surface. 610 

Interestingly, an unyielded region appears periodically at the same distance from 

the lid, but at x å 0.55, despite the high shear rate expected near the top of the LDC. 

Indicating that the lid cannot remove all incoming oscillations, although it will  reduce 

them, as seen by the amplitude of the phase diagrams for P3 compared to P1 and P4. The 

instability propagation causes a feedback loop, making the flow behave under the same 

fundamental frequencies, independently of the location in the cavity and only differing in 

intensity. Since the instabilities are self-sustained, starting from a previously stationary 

solution will  likely not produce the periodic solution that could be obtained through an 

impulsive start, as reported by Lestandi et al. [12]. 

 620 

6. CONCLUSION 

 This paper presented a numerical model based on the lattice Boltzmann method 

to evaluate the flow in a two-dimensional lid-driven cavity with a viscoplastic fluid at 

high Reynolds numbers. The results were divided into two parts: the first, where a 

stationary regime is maintained, and the second, where a periodic behavior appears after 

a Hopf bifurcation. In the stationary regime, the strength of the principal vortex increased 

with the Reynolds number, while increasing plastic effects reduced it. The position of the 

vortex center moved towards a common point in the center of the cavity as the Reynolds 

number approached the bifurcation point, independently of the Bingham number. As the 

Reynolds number increased, the unyielded surface inside the central vortex and the ones 630 

near the bottom corners reduced in size, progressively starting from the right to the left 
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side. The reduction of the viscoplastic surface size in the corners occurred due to creating 

a vortex similar to the Moffatt eddies, where part of an unyielded corner separates in a 

plug, which later becomes fluid. Using the ɤ field on the LBM, it was possible to obtain 

viscoplastic surfaces in agreement with the results encountered in the literature and 

provide new benchmark data. 

As the Reynolds number increased, the flow transitioned from a stationary to a 

periodic regime. This transformation depended on the Bingham number, and the critical 

Reynolds number increased with the yield stress. However, there are indications that this 

transition is correlated with an effective Reynolds number, as certain combinations of Re 640 

and Bn had the same flow characteristics. In most cases analyzed, the flow was dominated 

by one fundamental frequency. However, obtaining a quasi-periodic or double-periodic 

state was possible under certain conditions. As the Reynolds number increased, the flow 

transitioned to a chaotic state when the Bingham number was equal to 1. As the Bingham 

number increased, the time to reach a steady state also increased, but in some cases, the 

flow remained in a transient regime due to the maximum stipulated simulation time being 

reached. The numerical method was stable in the primary study range; it only exhibited 

numerical instabilities when attempting to increase the Reynolds number to find the 

bifurcation point for Bn = 10.  

As the necessary simulation time increases with the mesh refinement, we expect 650 

that the results presented here will assist researchers in using more advanced numerical 

methods to save time when conducting similar studies. For future works, we aim to 

evaluate specific flow characteristics requiring a more refined mesh, such as a polygonal 

vortex and extend the method to a three-dimensional cavity. 
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Table 1 - Primary vortex center position and intensity. 

 Re = 1000 Bn = 1 Re = 1000 Bn = 10 

Source Xc Yc ɣ Xc Yc ɣ 

Present Results 0.5382 0.5695 0.1034 0.7945 0.8493 0.0471 

Syrakos et al. [42] 0.5391 0.5690 0.1056 0.7957 0.8491 0.0477 

Vola et al. [40] 0.537 0.575 0.1066 0.748 0.786 0.0542 
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 850 

Fig. 1 - Velocity phase diagram in the center of the channel for Re = 8,800 and Bn = 0. Inset is the totality 

of the 10,000 turnover times. 

 

Fig. 2- Fourier power spectra of the x-velocity component as a function of the mesh size. The inset shows 

the perturbation history. 
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Fig. 3 - Squared Amplitude of the oscillation in the cavity center as a function of the Reynolds number for 

a Newtonian fluid (Bn = 0).  

 860 

Fig. 4 - Probe locations in the lid-driven cavity 
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Bn = 1 

  

Bn = 10 

  

Fig. 5 ï Comparison of the present numerical results (left) for the yield surface and the results obtained by 

[42] (right). The 'x' marks the location of the primary vortex center. 
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Fig. 6 - Effect of the parameter a in the definition of the yield surface Ű = Űy(1+a). The black contour 

represents the value of a = 0. 

 

 

Fig. 7 - Comparison between the present results and Syrakos et al. [42] for the x-velocity component in 

the centerline for Re = 1000 and Bn = 10. 870 
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Fig. 8 - Squared Amplitude of the oscillation in P1 as a function of the Reynolds and Bingham number. 
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Fig. 9 ï Streamlines (left side) and vorticity magnitude contour (right side) with yield surfaces for Bn = 1 

as a function of the Reynolds number. Colorbar is capped at 5% of the maximum vorticity value. 
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Fig. 10 ï Streamlines (left side) and vorticity magnitude contour (right side) with yield surfaces for Bn = 

2 as a function of the Reynolds number. Colorbar is capped at 5% of the maximum vorticity value. 
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Fig. 11 ï Streamlines (left side) and vorticity magnitude contour (right side) with yield surfaces for Bn = 

5 as a function of the Reynolds number. Colorbar is capped at 5% of the maximum vorticity value. 880 
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Fig. 12 ï Streamlines (left side) and vorticity magnitude contour (right side) with yield surfaces for Bn = 

10 as a function of the Reynolds number. Colorbar is capped at 5% of the maximum vorticity value. 
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Fig. 13 ï Vortex position (top) and vorticity intensity (bottom) as a function of the Reynolds and 

Bingham numbers in the stationary regime. The results of Syrakos et al. [42] are represented as empty 

squares. 
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Fig. 14 ï Horizontal velocity along the x = 0.5 centerline and vertical velocity along the y = 0.5 centerline 890 
as a function of the Reynolds and Bingham numbers. 
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Fig. 15 - Squared Amplitude of the oscillation in P1 as a function of an empirical Reynolds and Bingham 

number. 
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Fig. 16 ï First five principal frequencies obtained through FFT of the x-velocity signal in the four corner 

probe locations as a function of the Reynolds number. The colors indicate the descending power order of 

the frequency spectra: blue, red, yellow, purple, and green. 
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Fig. 17 ï Frequency spectrum of the y-velocity component in corner probes and correspondent velocity 

phase diagrams for Bn = 1. The phase diagram represents the time from 1,850 to 2,000, with different 

colors corresponding to intervals of t* = 25. 

  



 

 

53 

 

 
 

 
 

 
 

Fig. 18 ï Frequency spectrum of the y-velocity component in corner probes and correspondent velocity 910 
phase diagrams for Bn = 2. The phase diagram represents the time from 1,850 to 2,000, with different 

colors corresponding to intervals of t* = 25. 
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Fig. 19 ï Frequency spectrum of the y-velocity component in corner probes and correspondent velocity 

phase diagrams for Bn = 5. The phase diagram represents the time from 1,850 to 2,000, with different 

colors corresponding to intervals of t* = 25. 

  








